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ABSTRACT 

The hydraulic jump is a sudden transition from a supercritical flow to a subcritical motion, characterised by 
strong turbulence, air entrainment and energy dissipation. A hydraulic jump results in strong interactions 
between turbulence, free-surface and air-water mixing. Past research on hydraulic jump with bed roughness 
focused on the identification of basic parameters including conjugate depth ratio, roller length and mean 
velocity. However, to date, only very few studies have addressed the air-water flow parameters. This paper 
aims to investigate the basic parameters of air-water flow in hydraulic jump on pebbled rough bed. The 
experiments were performed in a channel with partially-developed inflow conditions. The gravel materials, 
mixed natural river pebbles, were installed on the bed for the whole length of the flume. A phase-detection 
double-tip conductivity probe was used to measure the basic air-flow properties. The experiments were 
conducted for discharges ranging from 0.06 to 0.1 m3/s, corresponding to inflow Froude numbers Fr1 between 
1.7 and 2.84 and Reynolds number Re1 from 170,000 to 220,000. Comparisons between rough and smooth 
bed data, as well as with the literature highlighted some distinctive effects of the non-uniform bed roughness. 
The results on rough pebble bed showed a shorter roller length and higher magnitudes of air-flow properties 
including void fraction and bubble count rate than those on smooth bed, especially in the region close to the 
jump toe. 
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1 INTRODUCTION 
A hydraulic jump is a transition from supercritical to subcritical flow, characterised by a strong dissipative 

mechanism and a region of rapidly varied flow (Chanson 2004). The flow turbulence in hydraulic jump is three-
dimensional and extremely complex, remaining a challenge to engineers, scientists and researchers 
(Rajaratnam 1967; Chanson 2009). The first description of hydraulic jump by Leonardo da Vinci may be 
traced back to the 16th Century (Montes 1998). On smooth bed, early laboratory studies of air-water flows in 
hydraulic jumps were conducted by Rao and Kobus (1971) and Wood (1991). Gualtieri and Chanson (2007) 
investigated the effect of inflow Froude number upon the hydraulic jump on smooth bed. Chanson (2011) 
studied the hydraulic jump properties in terms of free-surface profile, fluctuation magnitude and frequencies. 
An empirical law of self-similar free-surface profile was proposed by Chanson (2011) within the roller length. 
Wang (2014) and Wang and Chanson (2015, 2016) comprehensively reported the basic parameters and air-
entrainment properties of hydraulic jump on smooth for different inflow conditions. Valero et al. (2018) 
reviewed the available experimental datasets on the hydraulic jump to identify the main parameters relevant to 
the validation of numerical studies on the hydraulic jump. Hughes and Flack (1984) measured hydraulic jump 
characteristics over several artificially roughened test beds in a horizontal rectangular flume with smooth side 
walls. Ead and Rajaratnam (2002) evaluated the hydraulic jumps on corrugated beds. Their experiments were 
performed for a range of Froude numbers from 4 to 10. Carollo et al. (2007) investigated the conjugate depth 
ratio and roller length for hydraulic jump on rough gravel bed with 5 different bed material sizes. Pagliara et al. 
(2011) analyzed the hydraulic jump in homogeneous and non-homogeneous rough bed configurations 
including crushed angular rocks and hemispherical boulders. Felder and Chanson (2016,2018) studied the air-
water flows in hydraulic jumps with channel bed roughness including two different rubber mat configurations of 
macro-roughness. 
This paper presents the findings of an experimental study of a hydraulic jump on pebbled rough bed, with a 
focus on the air-water flow properties. Basic flow properties in both shear region and recirculation zone were 
investigated and compared to those on smooth bed. The results are discussed in relation to existing literature 
on air-water flows in hydraulic jumps. 
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2 EXPERIMENTAL SETUP. CHANNEL AND INSTRUMENTATION 
The experiments were conducted in the hydraulics laboratory of the University of Queensland, in a flume used 
previously (Wang 2014; Wang and Chanson 2015; Felder and Chanson 2016,2018). The rectangular test 
section was 3.2 m long, 0.5 m wide and 0.41 m high, consisting of a horizontal high-density polyethylene 
(HDPE) bed and glass sidewalls. A constant flow rate was supplied from an upstream head tank through a 
vertical sluice gate equipped with a semi-circular edge (Ø = 0.3 m) to prevent flow contraction downstream of 
the upstream gate (Figure 1). In the present experiments, the jump toe position was located at x1 = 1 m 
downstream of the sluice gate, for all flow conditions. The jump toe positions were controlled by a downstream 
overshoot gate. The water was fed into the head tank from a constant head reservoir. The flow rate was 
measured with a Venturi meter mounted in the supply pipe with an accuracy of ±2%. LED light projectors were 
used for recording videos with high speed video cameras. Table 1 summarises the experimental conditions of 
the present study. Herein, the experiments were conducted for a range of discharges 0.012 ≤ Q ≤ 0.106 m3/s, 
corresponding to an inflow Froude number Fr1 in the range from 1.7 to 6.5 and to an inflow Reynolds number 
Re1 in the range from 6.3×104 to 2.1×105. The inflow Froude number Fr1 was within 1.54 to 4.95, and from 
1.31 to 2.87, for the smooth bed and the pebbled rough bed, respectively. 

Table 1. Experimental flow conditions (Present study, x1 = 1 m) 

Bed type h1 (m) Q (m3/s) d1(m) Fr1 Re1 Comment 

smooth 0.03 0.015 to 

0.043 

0.0315 to 

0.0325 

1.74-4.95 3.3E+4 to 

9.3E+4 

High video speed 

camera, 240fps 

Point gauge 0.06 0.036 to 

0.095 

0.06 to 

0.063 

1.54-3.93 7.8E+4 to 

2.0E+5 

rough 0.06 0.042 to 

0.1 

0.078 to 

0.085 

1.31-2.87 9.6E+4 to 

2.3E+5 

smooth 0.06 0.078 0.0675 2.84 1.7E+5 Phase-detection 

dual-tip conductivity 

probe rough 0.06 0.06 to 0.1 0.0825 to 

0.0835 

1.7-2.84 1.4E+5 to 

2.2E+5 

To achieve an uniform channel bed roughness, gravels were installed on the whole length of the channel 
including upstream of and underneath the upstream sluice gate. The same gravel bed was previously used by 
Li and Chanson (2018). The gravels were fixed on the wooden boards using tile adhesive, (Dunlop, trade 
resaflex) (Figure 2), Then the boards were installed on the channel HDPE bed from upstream to downstream 
covering whole length of the channel, including beneath the upstream sluice gate and in the upstream 
reservoir (Figure 2c). To prevent the uplift of the boards, two plexi-glass walls were fixed to the boards on both 
sides of flume (Figure 2d). This setup decreased the channel width to 0.475 m. Table 2 lists the properties of 
gravels. The gravel material was mixed natural river pebbles sieved between 9.5 mm and 13.2 mm, with d50 = 
0.011 m and ρs = 2530 kg/m3 (Li and Chanson 2018). 

Table 2. Properties of gravel 

Average 
density 
(g/cm3) 

Density 
(g/cm3) 

Volume 
(ml) 

Weight 
(g) 

Particle 
size 

range 
(mm) 

2.53 

2.54 800 2031.4 

(9.5 to 
13.2) 

2.53 760 1920.4 

2.52 690 1738.4 

3 Basic parameters of hydraulic jump 
For all the flow configurations on both smooth and rough beds, free-surface profile recordings were conducted 
using a pointer gauge. The upstream conjugate depth was measured slightly upstream of the jump toe at x1 = 
0.9 m and the subcritical conjugate depth was measured at the downstream end of jump roller. The 
relationship between conjugate depths ratio and inflow Froude number is presented in Figure 3 for both rough 
and smooth bed configurations. For rough bed case, Carollo et al. (2009) suggested an empirical relationship 
between conjugate depths: 

2
1

1

0.963
1 2 exp( )( 1) [1]sd K

Fr
d dc


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*

Figure 1. Initial setup of flume for recording videos with high speed cameras; up: LED light and wall for smooth bed 
condition and down: LED for rough bed, flow condition: Q = 0.06218 m3/s, d1 = 0.082m Fr1 = 1.78, x1 = 1m and flow from 

right to left. 
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Figure 2. Bed roughness preparation, a: installing gravel, b: attaching plates, c: sticking plates and putting on channel d: 
black and white walls on two sides 

where Ks is the roughness height and equal to d50 (the median grain size of sediment particles), and dc is 
critical depth of water as dc= (q2/g)1/3. Considering the present data and those from Felder and Chanson 
(2016,2018), an empirical relationship was derived herein, relating the conjugate depth ratio with the inflow 
Froude number Fr1 and the characteristic roughness (Ks/d90): 

2 1.05
1 1

1 90

1 2 0.7exp 0.7 ( 1) 1 4 [2]sd K
Fr Fr

d d

  
       

  

where Ks=d50, and d90 is the value of grain sizes for which 90% of the material weight is finer. For rough bed 
data R1 = 0.90 and SE2 = 0.35 while for smooth bed data R = 0.99 and SE = 0.13. All the present data on both 

smooth and rough beds were above the dimensionless relationship d2/d1 = Fr1, suggested by Ead and 
Rajaratnam (2002) for hydraulic jumps on corrugated channel beds. The data were in agreement overall with 
previous studies on roughness effects (e.g. Hughes and Flack 1984; Carollo et al. 2007; Pagliara and Palermo 
2015; Felder and Chanson 2018). For 2 < Fr1 < 2.5, the conjugate depths ratio for present rough bed as well 
as roughness type 2 data of Felder and Chanson (2016, 2018) was larger than that based upon the empirical 
relationship for the rough bed (Eq. 1). 
The jump roller length Lr is defined as the longitudinal distance over which the water elevation increases 
monotonically (Murzyn et al. 2007; Murzyn and Chanson 2009). Herein Lr was derived from the observed 
mean free-surface profiles. The dimensionless roller length Lr/d1 is presented in Figure 4 as a function of the 
inflow Froude number Fr1 and compared with those from previous studies. 

1 Correlation Coefficient 
2 Standard Error 
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Figure 3. Conjugate depth ratio d2/d1 

A linear relationship between the relative roller length and inflow Froude number was derived by Wang (2014), 
and Wang and Chanson (2015) for smooth bed hydraulic jumps: 

1
1

6 ( 1) [3]
Lr Fr
d

  

In the present study, an empirical relationship was derived from the present data and those from Carollo et al. 
(2009) in terms of inflow Froude number and characteristic roughness (Ks/d1): 

1
1 1

1

(1 0.64 )

6 ( 1) 1 5 [4]

Ks
L dr Fr Fr
d

 

    

Eq. [4] yielded R = 0.95 and SE = 0.7 for rough bed condition. In case of Ks=0, Eq. [4] led to Eq. [3], i.e. to 
smooth bed condition, and resulted in R = 0.98, and SE = 1.47. Figure 4B presents the observed data 
together with Eqs. [3] and 4. Figure 4b shows that the jump roller length on pebbled rough bed was shorter 
than that on smooth bed for the same inflow Froude number. It suggested a higher rate of energy dissipation 
on rough bed. On pebble rough bed, the increase in bed friction led to a shortening of the jump roller length. 

4 Air-flow properties 
A key air-water flow property is the void fraction C, i.e. the time-averaged air concentration at a position (x, y) 
within the flow. The time-averaged void fraction C was obtained from the time series of instantaneous void 
fraction signals recorded by the phase-detection probe. The vertical distribution of void fraction can be 
approximated by solving the bubble diffusion equation in the turbulent shear layer (y < y*) and free-surface 
region (y > y*), respectively. In the shear layer, the point source of bubbles is the jump toe, and bubbles are 
diffused in the vertical direction while advected longitudinally. Thus, the void fraction profile follows a quasi-
normal distribution (Chanson1995, 2010, 2011; Wang and Chanson 2018): 
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Figure 4. Conjugate depth ratio 
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where Cmax is the local maximum void fraction in the shear layer, YCmax is the vertical position of Cmax, and D# 
is a depth-averaged diffusivity for 0 < y < y*. In the recirculation region, based upon analogy to water jets 
discharging into air with a uniform velocity distribution suggests that the void fraction follows (Chanson 1989, 
2011; Wang and Chanson 2018): 

50

*

1

1

1
1 for  y > y* [6]
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D x x
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where Y50 is the elevation for C = 0.5, D* is a dimensionless diffusivity in the upper free-surface region, and 
the Gaussian error function is defined as: 

2
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a: Rough bed, Q = 0.1 m3/s, d1 = 0.0825 m, Fr1 = 2.84, Re1 = 2.2E+5 
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Figure 5. Time-averaged void fraction profiles on the channel centerline, comparison with analytical solution on both 

rough and smooth beds 

The longitudinal distribution of the vertical profile of the void fraction on both rough and smooth beds with an 
inflow Froude numbers Fr1 = 2.84 is presented in Figure 5. The data, as well as the visual observations, 

showed a longer bubbly flow region on rough bed. For 5 < (x-x1)/d1 < 9, the void fraction C in the shear region 
was slightly higher on rough bed. While for (x-x1)/d1 > 9.0, on both rough and smooth beds, the void fraction C 
was almost zero. The comparison of void fraction data between rough and smooth channel beds for the same 
inflow Froude number Fr1 = 2.84, suggested that the distributions of maximum void fraction Cmax within the 
shear layer region were comparable for both configurations: That is, Cmax was 0.4 and 0.37 at x-x1/d1 = 1.21 
and 1.48 on rough smooth and bed, respectively (Figure. 5 A and D). The dimensionless vertical elevation 
y/d1 of local minimum void fraction C* was higher on the rough bed. Hence close to the jump toe, at first three 
cross-sections, yC*/d1 was 1.7, 1.81, 2.17 and 1.41, 1.63, 1.76 on rough and smooth beds, respectively. This 
resulted in the upward shift of the turbulent shear region with increasing distance from the jump toe on the 
large bed roughness. 
The present findings were in agreement with the results of Felder and Chanson (2016,2018), who compared 
the air-water flow properties on rough bed (rubber mat roughness) and smooth bed.  
The bubble count rate F was linked to the air entrainment and diffusion as well as to the formation, breakup, 
coalescence and collapse of air bubbles and air pockets in the turbulent shear region. Figure 7 presents 
typical bubble count rate distributions on both rough and smooth bed configurations. The same upstream 
aspect ratio h/W = 0.12 and inflow length x1/h = 16.67 were used on both rough and smooth bed. In Figure 7, 
the data shows that the maximum bubble count rate Fmax in the turbulent shear region was distinctive on both 
rough and smooth bed configurations and its value decreased with increasing distance from the jump toe. A 
secondary peak Fsec in bubble count rate was observed in the upper flow region. The vertical elevations of the 
two peak values YFmax and YFsec increased along the jump roller, together with the increasing free-surface 
elevation. 
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Figure 6. Void fraction distributions in hydraulic jump, comparison with the characteristic flow depth Y90/d1 
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Figure 7. Bubble count rate profiles on the channel centerline 

The comparison between rough and smooth bed showed higher bubble flux on rough bed configuration, 
possibly caused by the bed roughness, while the shape of the bubble count rate distributions was the same. 
For the same Froude number, Fr1 = 2.84, a higher bubble count rate profile was observed at second cross-
section (x-x1)/d1 > 1.82 on rough bed and at first cross-section (x-x1)/d1 > 1.48 on smooth bed (Figure 7). The 
longitudinal variation in vertical profiles on both rough and smooth bed configurations with the same inflow 
Froude number, Fr1 = 2.84, are presented in Figure 8. The characteristic elevation Y90 above the invert was 
added. 
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Figure 8. Bubble count rate distributions in hydraulic jump, comparison with characteristic flow depth Y90/d1 

4   CONCLUSION 
The paper presented and discussed basic air-water flow parameters of hydraulic jump, including conjugate 
depths and jump roller length, on both smooth and pebbled rough bed configurations. The results showed that 
a larger Froude number Fr1 resulted in a larger conjugate depths ratio d2/d1 and in a longer roller Lr/d1 with the 
same trends for both bed types. For the same inflow Froude number, a shorter roller length was observed on 
rough bed. The basic air-flow properties including void fraction and bubble count rate were also investigated, 
on both rough and smooth bed configurations. For the same inflow Froude number, the bubbly flow length, as 
well as the maximum void fraction Cmax close the jump toe, were larger on rough bed. In the shear region, the 
larger C* on rough bed suggested the upward shift of the bubbly flow region on the large bed roughness. In 
terms of bubble count rate, the vertical elevation of the peak values YFmax and YFsec increased as the 
longitudinal distance from the jump toe on both smooth and rough bed increased. A larger bubble count rate 
was observed on rough bed, possibly caused by the roughness effect. 
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