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Abstract
Sill-controlled flows involving the acceleration across a crest or control section with sig-
nificant flow curvature are characterized by the Euler equations of an inviscid fluid. The 
problem is of both theoretical and practical interest in fluid mechanics research, given the 
role of such flows in water discharge measurements structures, underwater oceanic cur-
rents, river flows and shallow bar-built estuary inlets, among others. While three-dimen-
sional computations are feasible, vertically averaged solutions are sought to gain efficiency. 
The vertically averaged representation of sill overflows based on the Serre–Green–Naghdi 
(SGN) theory is limited to very shallow flows, and a good averaged approach for large 
overflows is currently not available. High-level Green–Naghdi (GN) theory forms a hier-
archy of theories of increasing accuracy based on expanding the kinematic field and verti-
cally-averaging in a weighted-residual sense. These theories have been successfully applied 
to ocean research but so far, they have not been applied to flow in open channels and struc-
tures. In this work, the high-level Green–Naghdi theories, of which SGN equations are the 
lowest level possible (GN level I theory), are formulated and newly applied to the sill-con-
trolled flow problem. High-level GN theory is compared with detailed experiments from 
the literature and new ones conducted, and with a new fully non-linear vertically resolved 
potential flow solver which uses a x–ψ mapping. It was found that the GN expansions are 
convergent in the sill problem, in contrast to former perturbation solutions, which are 
asymptotic. The GN level V theory was found to be in good agreement with experiments 
for the sill-controlled flow problem, which excellently reproduced the free surface, bot-
tom pressure, and vertical distributions of velocity and pressure. The GN level V theory 
was found to be applicable for relatively wide range of overflows up to E/R = 3, where E 
is the minimum specific energy and R the sill crest radius of curvature. From a practical 
viewpoint, large improvements were observed when using GN level II theory, instead of 
GN level I (e.g. the SGN theory), producing good results up to E/R = 1.75, which is the 
minimum level thus recommended in practice.
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1  Introduction

The acceleration of a fluid layer over an obstacle in a stream produces at its crest the so-
called control section or critical flow section, involving a transition from upstream subcriti-
cal to downstream supercritical flow [46, 64]. This kind of flow is called sill-controlled, 
and it is theoretically a fundamental fluid mechanics problem [70, 71, 82]. The sill-con-
trolled flow problem is also important in practice given its use for water discharge measure-
ment in free surface flows [59, 71], its role in underwater flow over oceanic sill and straits 
[28, 30], and in flows over boulders in a river stream. It is also an important mechanism to 
limit the propagation of infragravity waves from the ocean into the river across the inlet of 
shallow estuaries [2, 92].

The sill-controlled flow is well characterized by the Euler equations for an inviscid 
fluid assuming irrotational flow, thus critical flow is essentially an irrotational flow prob-
lem [31, 67–71]. However, the simple hydrostatic equations and linked critical flow theory 
[46] cannot be applied when streamlines are curved and sloped at the control sections, 
e.g., for large overflows in a sill [19]. In these cases, a solution from the Euler equations 
is needed, either using a vertically resolved model or an approximate vertically averaged 
one with enough vertical resolution incorporated. One of such methods is the critical flow 
theory of Fawer [31], which permits to compute the discharge characteristics of control 
sections at large overflows based on an interpolation formula for the streamline curvature 
at the sill crest, to be fitted to flow net results. However, the method is semi-empirical, 
and resorts to experiments or to a full two-dimensional flow net are required for calibra-
tion. Furthermore, only crest quantities are determined [11]. A different path is to solve 
the full boundary value problem instead of conducting critical flow computations at the sill 
crest. Dai and Sheng [23] reviewed the performance of the three main modeling approxi-
mations used for the full solution of sill overflows: The Reynolds-Averaged Navier Stokes 
(RANS) equations, which is a vertically resolved turbulent model, and two vertically aver-
aged models, the Saint–Venant hydrostatic equations (SWE), and the Serre–Green–Naghdi 
equations (SGNE). The SWE produced results identical to those of hydrostatic critical 
flow theory at a weir crest [14], and non-hydrostatic effects are therefore not handled. The 
Serre–Green–Naghdi theory was developed for ocean dynamics [38, 39, 73, 80], and it is 
a depth-averaged fully non-linear and weakly dispersive non-hydrostatic Boussinesq type 
model recently applied to open channel flows [6, 7]. There is no calibration parameter in 
this theory, and the full solution along the obstacle is generated from it. However, it can 
only be applied to shallow flows [15]. Turbulence and vorticity are in general small in sill 
overflows without hydraulic jumps at the lee side [17, 31, 84]. Therefore, a reference verti-
cally resolved model for the sill-controlled flow problem consists in Laplace equations for 
the stream and potential functions forming the flow net [53, 71] and Bernoulli equation for 
the free surface streamline [22, 56], instead of the RANS equations. The consequence is 
that a vertically resolved solution constructing a flow net numerically is feasible, but none 
of the available vertically-averaged models, namely the SWE or the SGNE, are good mod-
els for large sill overflows.

Given the theoretical and practical importance of the sill-controlled flow, and the 
lack of a robust vertically-averaged model to deal with it with generally, this research 
focus on exploring an alternative path to its modeling. The Serre–Green–Naghdi theory 
is the lowest level of approximation in a hierarchy of approximate theories, of increas-
ing complexities, proposed by Green and Naghdi [38–42] and Green et al. [37]. These 
are called Green–Naghdi (GN) theories, and the lowest level is called GN I theory 
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[75], which is equivalent to the SGN theory. The method consists in producing an 
approximate representation of the vertical structure of the flow and uses it to develop 
integrated models where the dependence on the vertical coordinate is removed. Each 
level of the theory is classified according to the expansion adopted for the kinematic 
field. For level I, the horizontal velocity is constant with elevation whereas, for level 
II, it is linear, for level III cubic, for level IV quartic, and so on… Increasing the level 
of the theory the vertical resolution of the theory increases.

The original presentation of the theory by Green and Naghdi in their “directed 
fluid sheets” papers was tedious and difficult to follow, given its continuum mechanics 
nomenclature and formulation, more familiar to elasticity problems [60]. Shields and 
Webster [75] deserve the full credit for having reworked it in a fashion related to fluid 
mechanics problems. They used a variational approach due to Kantorovich and Krylov 
[48] which allowed a systematic development of the high levels of the theory. The 
same method was essentially applied by Steffler and Jin [78]. High-level GN theory 
has been successfully used in ocean dynamics problems [26, 27, 29, 74, 75, 85–88, 
90, 91, 94–99], and it has been demonstrated in those works that increasing the level 
of the theory allows to obtain greater accuracy results. For river hydraulics, a theory 
similar to GN II level was developed by Steffler and Jin [78] and subsequently applied 
[8–10, 34–36, 50, 51]. So far, high-level GN theory was only applied to water waves 
problems.

Naghdi et al. applied first the GN theory to steady flows over channel structures, and 
used the low order GN level I theory in the flow at a free overfall [61, 63], flow over a 
sill [64], flow past a sluice gate [65], flow over a step [66] and the transition to plan-
ning of a boat [62]. Webster and Zhang [89] determined, using GN I theory, the steady 
approaching flow and free jet at free overfalls ending with ramps, given its relation 
to plunging breaker flows, and concluded that progress involved future application of 
a GN II high level theory. Thus, so far only the low level GN I theory was applied to 
flow in channel structures.

Perturbation methods [5, 83] can alternatively be applied to investigate the sill 
overflow problem. This was done by Castro-Orgaz et  al. [16], who found a solution 
using as shallowness parameter ε the ratio of specific energy E to crest radius of cur-
vature R at the sill crest. The series were found to be asymptotic, thus the solution 
limited to ε = E/R < 1. Given that the perturbation solution cannot be applied to large 
overflows by increasing the order of the expansions, it is relevant to investigate if the 
Green–Naghdi expansions are convergent in the sill flow problem and compare the 
results to the shallow water expansions.

The main objective of the work is therefore to develop high-level Green–Naghdi 
theories and apply them to the sill-controlled flow problem. Several options are pos-
sible to formulate the variational problem. In this paper, we generate high-level 
Green–Naghdi equations following an earlier method by Levich and Krylov [52], 
applied by Zhang et  al. [93] to water waves problems. The variational GN equations 
are then used to simulate sill-controlled flows, including free surface and bottom pres-
sure profiles, velocity and pressure distributions at the minimum specific energy sec-
tion and the discharge characteristics for high-head overflows. Results are compared 
to several experimental datasets available in the literature and with new experiments 
conducted in a large-scale asymmetric bed sill involving a large curvature variation. 
The GN theory is further compared to a new full two-dimensional solution specifically 
constructed for this research, and its limitations are discussed.
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2 � Green–Naghdi modeling of free surface flow

2.1 � The Levich–Krylov method

Let us consider the Euler equations for flows over an uneven and rigid bed (Fig. 1) [82] 
stating conservation of mass and momentum in the horizontal and vertical directions as 
follows:

here u and w are the velocity components in the x (horizontal) and z (vertical) directions, 
respectively; p is water pressure; g the gravity acceleration; and t is time. The kinematic 
boundary conditions at the free surface (subscript s) and bed (subscript b), are

(1)
�u

�x
+

�w

�z
= 0,

(2)
�u

�t
+

�u2

�x
+

�uw

�z
+

1

�

�p

�x
= 0,

(3)
�w

�t
+

�uw

�x
+

�w2

�z
+

1

�

�p

�z
+ g = 0.

Fig. 1   Definition sketch a Flow over a sill, b crest horizontal velocity and pressure distributions, c typical 
view of laboratory model test at the University of Córdoba
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where h(x, t) is the water depth and zb(x) the bed elevation. At the free surface, the dynamic 
boundary condition is ps = 0. The full problem resolved by Eqs. (1)–(5) is supplemented 
with initial and boundary conditions for solution.

We seek an approximate solution to the full problem given by Eqs. (1)-(5) by applying the 
Green Naghdi theory to the sill-controlled flow problem of Fig. 1. The problem formulation 
is treated as an unsteady flow for generality, although some intrinsic unsteady flow limita-
tions are discussed later, given that this research focusses on steady flow solutions. The main 
ingredient of Green Naghdi theory consists in expanding the velocity using a set of base func-
tions depending on the vertical coordinate, and then finding a solution “satisfied at large” [75], 
e.g., in a weighted-residual sense, much similar in nature to the method of finite elements in 
numerical analysis [32, 33]. However, here the expansions are used to remove a dimensional 
coordinate from the problem (in our case the elevation z) instead to producing algebraical sys-
tem of equations.

Green–Naghdi type modeling approximations can be derived following several tough 
related methods, like those presented by Shields and Webster [75] and Steffler and Jin [78], 
see also Castro-Orgaz et al. [18] for a detailed review. Here we will follow the Levich and 
Krylov’s [52] earlier method, given that the analytical work is straightforward. This method 
has been applied to water waves problems by Zhang et  al. [93], who called it Boussin-
esq–Green–Naghdi rotational water wave theory, but it has so far not been applied to flow in 
channel structures. The Green Naghdi theory starts by assuming that the horizontal velocity u 
admits an expansion of the type [48, 52, 75, 78]

where the velocity coefficients u0, u1, u2, … are functions of (x, t) but not of elevation z, 
and ϕj is a set of base functions, which by choice are functions of the sigma coordinate σ 
only, which varies from zero at the channel bottom to unity at the free surface. Of course, 
this dependence is arbitrary, and the base functions may be directly functions of the eleva-
tion z, e.g. as done by Demirbilek and Webster [26, 27] and Webster et al. [91]. Here, we 
select for ϕj an orthogonal base given by the shifted Legendre polynomials following Stef-
fler and Jin [78], which are determined by Rodrigues’ formula [1]

Use of this orthogonal base simplifies the analytical work given the cancellation of several 
integrals of the ensuing theory. The polynomials up to j = 4 are
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which are plotted in Fig. 2.
The integrals of these functions from 0 to 1 with respect to the sigma coordinate are 

null, except that for ϕ0. Thus, integration of Eq.  (6) across the flow depth to compute 
the unit discharge q produces q = u0h, e.g., the coefficient u0 is the depth-averaged veloc-
ity. This is different from Demirbilek and Webster [26, 27], as their u0 coefficient is not 
the depth-averaged velocity given that the base functions they selected is the sequence 
z, z2, z3, z.4…. In our method, u0 has directly a physical meaning. The expansion given 
by Eq.  (6) is to be used in Eqs. (1)-(5). Still, a closure for w and p is needed in these 
equations. Following Levich and Krylow [52], the w-closure is found by vertical inte-
gration of Eq. (1), resulting [13]

(10)�2 = 1 − 6� + 6�2,

(11)�3 = 1 − 12� + 30�2 − 20�3,

(12)�4 = 1 − 20� + 90�2 − 140�3 + 70�4,

Fig. 2   Legendre shifted orthogonal base using sigma coordinate
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Inserting Eqs. (5) and (6) into Eq.  (13), an expression for w follows, which is a 
N + 1 degree polynomial. The pressure p is determined by vertical integration of the 
z-momentum balance [52], resulting from Eq. (3) setting ps = 0 [13]

The function to model p is found by inserting the expansion for u and the approxima-
tion for w obtained from Eq. (13), resulting a 2N + 2 degree polynomial. The solution of 
the problem requires the computation of h(x, t), u0(x, t), u1(x, t),…, uN(x, t), e.g., there 
are N + 1 unknowns, and the same number of equations is therefore needed. The system 
of equations needed is obtained by using variational statements, as is explained in the 
next section.

In the application of Zhang et al. [93] to water waves problems, a Boussinesq scaling is 
used to truncate the polynomial expansions for w and p obtained from Eqs. (13) and (14). 
In our developments, no scaling was used and all the terms of the (u, w, p) expansions are 
retained, as is done also in Shields and Webster (1998) and Steffler and Jin [78].

2.2 � High‑level variational systems of equations

An exact equation of this theory is the vertically integrated mass conservation statement

obtained by vertical integration of Eq.  (1) upon using Eqs. (4) and (6). Equation  (15) is 
an evolution relation that produces a closure for h(x, t). Now, the determination of the uj 
coefficients is done by resorting to the following variational statements obtainable from the 
x-momentum balance:

Inserting the expansions for (u, w, p) into Eq.  (16) and conducting the corresponding 
differentiations and integrals, a system of N equations follows, one for each different ϕj 
used. Here, the weights are taken equal to the base functions, thus it is a Galerkin proce-
dure [33].

Equation (16) is used thus to generate the N evolution equations for the unknown uj’s. 
For N = 1 the development can be done by hand, but for higher-level approximations the 
algebraical effort is formidable. In this work, the determination of w and p from Eqs. (13) 
and (14) and the variational system of equations from Eq. (16) was done with a symbolic 
algebra program, as done also by Shields and Webster [75]. The structure of the N math-
ematical Green–Naghdi equations obtained from Eq. (16) can be written in vector form as
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here A, B and C are N × N matrices, g is a vector of N dimension and f is

Although the base used to expand u and the method to compute w and p used in this 
work are different from the choices by Demirbilek and Webster [26, 27], the mathematical 
structure of the ensuing high-level variational statements is the same, e.g. Equation (17). 
The Green–Naghdi equations are systems of coupled partial differential equations where 
the highest order of temporal differentiation in the ensuing mixed space–time derivatives 
of the uj coefficients is one. What is different from one theory to another is the specific 
form of the elements of A, B, C and g. The matrices A, B, C and vector g contain only 
spatial derivatives, and the highest order of them is third. For N > 1, it is not only difficult 
to get the system (17) by hand computations, but also its statement in a document, given 
the extremely long expressions. For reference, we only give the results for N = 1 in Appen-
dix A. The symbolic program for the automatic generation of Eq.  (17) is freely availa-
ble upon request. In the current work, we have generated systems of Green–Naghdi (GN) 
equations for N = 0, 1, 2, 3 and 4, which are called respectively GN I, GN II, GN III, GN 
IV and GN V. The case for N = 0 implies u = u0, which is the lowest level of the theory. 
It is coincident with the development of Serre [73], thus this model is commonly called 
Serre–Green–Naghdi theory, as previously commented.

2.3 � Numerical method

The solution of the two-point boundary value problem in x and initial-value problem in t 
posed by Eq. (17) can be efficiently solved using the method developed by Demirbilek and 
Webster [26, 27]. Their numerical method consists basically in solving first the two-point 
boundary value problem and finds the vector f at each node i of a finite-difference mesh on 
which the computational domain is discretized. Then, the u vector at the new time level is 
determined by a time-stepping procedure of vector f. The computer code developed for this 
work follows basically the same discretization and algorithms proposed by Demirbilek and 
Webster [26, 27] in the GNWAVE computer model. Some details of the solution algorithm 
are stated below for clarity.

We first consider the numerical approximation to Eq. (15), given that it can be solved 
independently to compute the water depth. We used upwind differencing for the continuity 
equation in our numerical model as follow

where the index k is used to define the time level, ∆x is the mesh spatial size and ∆t is the 
time step. In the model by Demirbilek and Webster [26, 27], the continuity equation and 
the Green–Naghdi equations are both discretised using central in space and forward in time 
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finite-differences. For the test cases presented in the following sections no difference was 
found in the output of our solver using either a centered or an upwind discretization of the 
continuity equation. Moreover, both are equally simple to implement. As explained later, 
a smoothing filter is applied intermittently to h and u to dampen the high frequency oscil-
lations arising from finite-difference discretisation of the highly non-linear terms in GN 
models [95, 96]. If vertical accelerations are weak and pressure close to hydrostatic the 
model equations can be demonstrated to tend in the limit to the Saint Venant hydrostatic 
model [49]. For example, this would be the case for a very shallow overflow in Fig. 1, e.g., 
for E → 0. A numerical solution of Saint Venant equations with a forward in time-centered 
in space scheme is unconditionally unstable [49]. Simply to avoid the possibility of having 
this potential source of instabilities, we used upwind differencing for the continuity equa-
tion. From a practical viewpoint, the filter makes the model robust and free of instabilities 
either using a centered or upwind differencing.

Now, returning to the Green–Naghdi Eq.  (17), ∂f/∂x and ∂2f/∂x2 are discretized using 
second-order central finite differences, resulting the following discrete equations at node i 
of the mesh [26]

The matrices A(i), B(i), C(i) and vector g(i) contain up to third-order spatial derivatives 
of h(x, t), zb(x) and vector u(x, t) at node i. These derivatives are all discretized using sec-
ond-order central finite-differences. Once this discretization is accomplished, the problem 
solution consists in finding f(i) subject to the boundary conditions at the inflow and outflow 
sections. Demirbilek and Webster [26] developed a very smart and efficient generaliza-
tion of the Thomas algorithm for solving the block-tridiagonal system posed by Eqs. (20), 
which we used here. Once the vector f(i) is available for all the computational nodes, the 
vector u is determined at next time level from

The values obtained for h and u are used to solve again Eq. (20) and get an estimation of 
f at time level k + 1. A better estimation of u at k + 1 is then using the trapezoidal rule

Now we describe the initial and boundary conditions used to simulate the overflow 
problem of Fig. 1, where a discharge q enters in the flume, spills over the sill and freely 
leaves the computational domain at the outlet. At the inlet section, we set u0 to a specified 
value which is kept constant during all the transient flow, and set to zero the remaining 
components of vector u. The water depth at the inlet section at any instant is found by a 
zero-order extrapolation of the actual interior solution. Vector f at the inlet section is set to 
zero, given that none of the u components will be a time-varying quantity. The outlet open 
section with freely leaving waves is modeled for h and u solving the advection equations 
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∂h/∂t + c ∂h/∂x = 0 and ∂u/∂t + c ∂u/∂x = 0 with the celerity estimated as c = (gh)1/2 [74]. 
The vector f is updated in time at the outlet using Euler backward formula. The initial free 
surface profile corresponds to a hydrostatic transcritical flow profile over the sill obtained 
by inversion of the specific energy (energy divided per specific weight of fluid, the dimen-
sion of which is a length scale) for hydrostatic flows E (x) = H − zb(x) = h + q2/(2gh2) [46]. 
Once this initial profile is set and the inlet–outlet conditions are specified, a time-depend-
ent flow adjustment develops over the sill until a steady flow condition is achieved. For the 
transient computations, ∆t is kept small to avoid stability problems, with its value fixed by 
trial-and-error numerical experiments, given the lack of a stability analysis for the com-
plex Green–Naghdi equations. A Savitzky-Golay smoothing filter is applied intermittently 
each 10-to-20-time steps to h and u to dampen the high frequency oscillations arising from 
finite-difference discretization of the highly non-linear terms in GN models [95, 96], as 
well as those generated at the inlet and outlet boundaries [26]. The steady flow solutions 
generated with the unsteady GN I model were compared to the implicit steady finite-differ-
ence solver for these equations developed by Castro-Orgaz et al. [15], resulting impercepti-
ble differences, confirming that the smoothing filter had a negligible effect on the physical 
solutions seek in this work.

3 � Fully non‑linear potential flow modeling

In this section, a new model for determining the irrotational flow pattern over a sill is pre-
sented. It consists in combining an x-ψ mapping of Laplace equation for the interior flow 
field with a new iteration of the non-linear free surface boundary condition posed by Ber-
noulli equation. The new iteration scheme consists in: (i) using an accurate initial free sur-
face position based on the GN V solution, (ii) setting limits to the free surface corrections 
based on the analysis of the discrete-Bernoulli diagram upstream of the weir crest, and (iii) 
iterating the upstream water depth (and hence the Bernoulli constant) using a control vol-
ume momentum balance.

3.1 � The x–ψ mapping

The Green–Naghdi Eq.  (17) approximates the original system of Euler equations, where 
irrotationality was not imposed. However, it was demonstrated by Webster and Shields [85] 
that, as the level of the theory increases, e.g. as N increases, the solution tends to be that for 
an irrotational flow, if vorticity is not introduced in the flow domain. The flow over a sill 
can be nicely modeled as an irrotational flow motion [31, 84] and, for this reason, a fully 
non-linear potential flow solver was developed for comparison purposes with the Green 
Naghdi solutions. In the present work, we employ the so-called x–ψ mapping, where ψ is 
the stream function. Using this mapping, the elevation is taken as a dependent variable of x 
and ψ, resulting the Laplacian [4, 56–58]
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The solution of this elliptic problem yields for a given value of ψ the coordinates of a 
streamline. The velocity components (u, w) in the directions (x, z) are determined from

At the free surface ψ = q and the position of this streamline shall be determined as part 
of the problem solution. At the bottom ψ = 0 and the bottom streamline z(x, ψ = 0) = zb(x) is 
known. At the inflow and outflow sections, the velocity u is uniform with elevation and the 
pressure hydrostatic, implying a linear variation of z with ψ. At the free surface Bernoulli 
equation yields a non-linear boundary condition to be satisfied by this specific stream-
line, namely H = zs + (us

2 + ws
2)/(2 g), where H is the Bernoulli constant. The free surface 

streamline zs(x) = z(x, ψ = q) shall verify this complex non-linear boundary condition, 
which is difficult to satisfy in a numerical setting, as discussed below. In the sill controlled 
or critical flow problem either H is known, and q shall be determined as part of the solution 
or equivalently, q is known, and H is to be determined [24, 25, 43, 47]. The last case is the 
most common, and it is the situation considered in this work [22].

3.2 � Numerical method

The numerical solution consists in three nested iteration loops to determine the position of 
the interior streamlines, the position of the free surface streamline and the upstream water 
depth.

3.2.1 � Iteration of interior streamlines

Let (i, j) be the node indices of a finite-difference mesh in the x-direction and ψ-directions, 
the derivatives appearing in the Laplacian are estimated with second-order accuracy as

(24)u =
��

�z
,

(25)w = u
�z

�x
.

(26)�z

�x
=

z(i + 1, j) − z(i − 1, j)

2Δx
,

(27)
�z

��
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z(i, j + 1) − z(i, j − 1)

2Δ�
,

(28)
�2z

�x2
=

z(i + 1, j) − 2z(i, j) + z(i − 1, j)

(Δx)2
,

(29)
�2z

��2
=

z(i, j + 1) − 2z(i, j) + z(i, j − 1)

(Δ�)2
,

(30)
�2z

�x��
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z(i + 1, j + 1) − z(i − 1, j + 1) − z(i + 1, j − 1) + z(i − 1, j − 1)

4ΔxΔ�
.
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Inserting Eqs. (26)–(30) into Eq. (23) produces an algebraic system of linear equations, 
which is solved herein by a successive over-relaxation method [49] with an over-relaxation 
coefficient of 1.8. Once the solution converged, the elevation at each node of the mesh is 
available, e.g., the discrete version of the streamlines. The velocity components are thus 
given by

The u-velocity at the free surface (j = M) and bottom (j = 1) are determined from

3.2.2 � Iteration of free surface streamline

For a unit discharge q, the actual target energy head is determined using the upstream water 
depth at the inlet section hu as H = hu + q2/(2ghu

2). Given an actual position of the free sur-
face streamline zs(x), the energy head at the free surface for a generic section at distance x 
may be obtained as

If this position for the free surface is incorrect, an energy residual e(x) = H(x) − H results 
at that section, with H as the energy head or Bernoulli constant of the problem. It implies 
that the pressure at the free surface is not zero, violating the dynamic boundary condi-
tion. An iteration process to find a correct estimation of the free surface position is, there-
fore, needed [79]. The iteration process for the sill problem is not simple, and, thus, it was 
found in this work necessary to modify the original algorithm proposed by Montes [56–58] 
to allow computation of large overflows. Montes [56, 57] proposed an iteration method 
where the coordinate of each free surface node was adjusted independently. This approach 
diverges for large overflows and the method proposed by Cheng et al. [22] was found to be 
more adequate, thus it was adapted to our numerical implementation. Here, the coordinate 
of each free surface node between the inlet and outlet sections is adjusted implicitly by 
using the Newton–Raphson method as follow

(31)u(i, j) =
2Δ�

z(i, j + 1) − z(i, j − 1)
,

(32)w(i, j) = u(i, j)
z(i + 1, j) − z(i − 1, j)

2Δx
.

(33)us = u(i,M) =
2Δ�

3z(i,M) − 4z(i,M − 1) + z(i,M − 2)
,

(34)ub = u(i, 1) =
2Δ�

−3z(i, 1) + 4z(i, 2) − z(i, 3)
.

(35)H(x) = zs +
u2
s

2g

[
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(
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)2
]
.
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(37)Δ�s = −�−1�,
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where s is the iteration index, ∆zs the correction vector and J the Jacobian matrix. Even 
using this implicit implementation, the solution is complex, and care is needed while 
applying Eq.  (36) to iterate the free surface position [79]. Cheng et  al. [22] and Montes 
[56] indicated that, upstream of the sill crest, there is a zone of uncertainty where changes 
in H produces maximal free surface corrections, or inversely, where a change in the free 
surface has a negligible effect in the Bernoulli constant. In practice, this is traduced to two 
practical rules [22]: (i) first, a damping shall be applied to the corrections obtained from 
Eq.  (37), ensuring that the free surface experiences small movements during each itera-
tion; and (ii) second, limits shall be set when moving the free surface to ensure corrections 
are always reasonable. To our knowledge, neither the reason for this behaviour upstream 
of the sill crest nor how to set reasonable limits for iteration were so far explained in the 
literature. The discrete version of the Bernoulli Eq. (35) has been analysed in Appendix B, 
thereby explaining the anomalous behaviour upstream of the sill crest and how to set rea-
sonable iteration limits. A linked consequence is that the initial position of the free surface 
streamline cannot be arbitrary, but a good approximation. We have used in this work as 
initial free surface streamline the flow profile generated with the GN V model.

To determine the correction vector ∆zs, it is necessary to construct the Jacobian matrix. 
We have followed the procedure suggested by Cheng et al. [22] and determined it numeri-
cally as follows. Given that all free surface nodes are interrelated, a change in H at a node 
affects all the remaining free surface nodes. Therefore, the change in the Bernoulli constant 
at all nodes is determined by displacing the free surface position at a node a small magni-
tude ∆p from the actual solution. A full solution of the Laplacian field is required to com-
pute H at all the free surface nodes after this local displacement. This procedure is repeated 
displacing all the free surface nodes twice, once using a forward displacement and another 
using a backward displacement. The Jacobian matrix elements are thus determined as

where Hf(i, j) is the energy head at node i displacing the surface position at node j to 
zs(j) + ∆p and Hb(i, j) is the energy head at node i displacing the surface position at node j 
to zs(j) − ∆p. Iterations are stopped when the average pressure head on the free surface is 
in absolute value down a tolerance, typically 0.1 mm. The free surface dynamic boundary 
condition was satisfied with 15–25 iterations.

3.2.3 � Iteration of upstream water depth

A control volume with boundary sections consisting of the inlet and the sill crest is con-
sidered to establish an integral momentum balance. The momentum balance for the control 
volume is used to check the accuracy of the numerical solution and iterate the upstream 
water depth hu if necessary.

The streamwise momentum equation for sill problem is [64]

which, integrated between the upstream section u and the crest section cr, yields the control 
volume balance

(38)J(i, j) =
�H(i, j)

�zs(j)
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Hf (i, j) − Hb(i, j)

2dp
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Here D is the drag force per unit width over the obstacle up to the crest [64, 65], and S 
the momentum function

After convergence of the free surface position, the different terms in Eq. (40) are numer-
ically evaluated using the 2D results, and a momentum deficit or excess ∆M results

The upstream water depth hu can be thus changed to seek a solution with ∆M = 0. Keep-
ing D and Scr constants, an approximate correction equation to use in the Newton–Raphson 
method is

The target energy head is recomputed after each iteration of the upstream water depth. 
Two or three iterations were typically enough to get accurate results.

4 � Results

The correct method to apply GN theory and find a converged solution is to compare the 
GN models of different levels, increasing the levels until the results do not change. This 
is called self-convergence test of GN theory. Once a converged theory is determined their 
results can be compared to experiments and 2D irrotational flow solutions. This methodol-
ogy was adopted in the following test cases, although we will also show how some inter-
mediate theories compare with experiments and 2D solutions.

4.1 � Flow profiles and crest distributions

Sivakumaran et  al. [76] conducted experiments of sill-controlled flows in a horizontal 
flume, 0.915 m long, 0.65 m high and 0.30 m wide. Two kind of bed profiles were con-
sidered, symmetrical and asymmetrical. The experimental procedure and data are avail-
able in Sivakumaran [77], and these data were used here to test the accuracy of the dif-
ferent GN theoretical levels. The GN modelling was accomplished using ∆x = 0.01 m and 
∆t = 0.001 s to reduce truncation errors, although higher values could be used in some test. 
Figure 3 contains the experimental data corresponding to the flow over the asymmetrical 
bed profile designed using B-Splines [77]. The unit discharge for this test is q = 0.11165 
m2/s, and the experimental free surface and bed pressure head profiles are plotted in Fig. 3. 
A first simulation using GN I theory was conducted, and it is included in the same figure, 
showing a systematic mismatch with experiments; the GN I theory predicts an unrealistic 
free surface blip in the crest zone. The results obtained with the 2D irrotational flow model 
using 20 streamlines are also presented to depict the free surface details at the crest zone 

(40)Su = D + Scr.
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and the deviations from GN I theory. The crest velocity and pressure distributions obtained 
with the 2D irrotational flow model are compared with those of GN I theory, showing again 
a systematic mismatch of the latter. The same test was run using the model constructed for 
GN II theory, and the results are plotted in Fig. 4 along with the experiments [77] and 2D 
irrotational flow results. Note the significant variation in the computed results using GN II 
instead of GN I theory; the predicted free surface and bed pressure profiles by the former 
theory are in excellent agreement with the experiments. A very small hump in the free 
surface is predicted by GN II at the crest, however. The crest velocity and pressure distribu-
tions predicted by GN II theory, tough not perfect, are good approximations to the 2D flow 
results, and represent a significant improvement over the former GN I results. Finally, the 
same test is presented in Fig. 5 using the GN V theory. There is an excellent agreement of 
the GN V theory with the experiments. The 2D irrotational free surface and crest veloc-
ity and pressure distributions are as well excellently reproduced. For GN III and GN IV 
theories there are small variations, not presented here for brevity. Results from GN IV are 
indistinguishable from those of GN V, thus GN V is the converged theory for this test. The 
measured pressured head data by Sivakumaran [77] show oscillations not predicted by GN 
V theory. It is unknown if this is a limitation of the experimental measurements, or a fea-
ture not predicted by GN theory.

Figure  6 contains the experimental data corresponding to the flow over a sym-
metrical bed profile designed using a normal bell distribution of equation 

Fig. 3   Flow over an asymmetrical bed profile: Comparison of GN I theory with experiments [77] and 2D 
irrotational flow results
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zb = 0.2exp[− 0.5(x/0.24)2] (m) [77]. The unit discharge for this test is q = 0.1102 m2/s, 
and the experimental free surface and bed pressure head profiles are plotted in Fig. 6. 
The results of GN I theory included in the same figure are in this test a quite good 
approximation, albeit the upstream free surface level is clearly underpredicted. The pre-
dicted crest distributions for w and p are also a good approximation to the 2D results. 
The simulation of this test using GN II theory is plotted in Fig. 7, showing an excellent 
agreement with experiments and the 2D results, including the crest velocity and pres-
sure distributions. Note that the crest distribution of u is in excellent agreement with the 
irrotational flow model, thereby suggesting that the crest velocity in this test is roughly 
linear. The use of higher-level theories produced results with minute variations from GN 
II theory, thus are not presented for brevity. For this test, GN II is the converged theory.

Flows over asymmetric bed profiles involving a strong variation of bed curvature 
are rare, with Sivakumaran’s [77] experiments presented in Fig. 5 as a notable excep-
tion. The B-spline bed profile constructed by Sivakumaran [77] produced some scatter 
in the measured bed pressures, however. It is unknown if this is related or not to the 
bed profile design using splines, possibly involving construction discontinuities in the 
bed high-order derivatives. To investigate the ability of GN theory to reproduce the bed 
pressure head in a zone of rapidly changing bed curvature, a new set of experiments 
were designed at the Hydraulics laboratory of the University of Córdoba, Spain. The 

Fig. 4   Flow over an asymmetrical bed profile: Comparison of GN II theory with experiments [77] and 2D 
irrotational flow results
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laboratory is equipped with a 15 m long, 1 m high, 1 m wide tilting flume where a new 
obstacle of asymmetric shape was constructed using a log-normal profile of equation:

where ztop = 0.21  m, α = 3.7, L = 0.68  m and μ =  − 0.6 (Fig.  8a). This profile involves a 
strong variation of bed curvature, and it is a continuous curve for zb as well as for dzb/
dx, d2zb/dx2 and d3zb/dx3, which are the derivatives appearing in GN theory at any level. 
Therefore, it is a well-suited test to check the performance of the GN theory without viola-
tion of any of the starting assumptions of this theory. Flow visualisation during the experi-
ments was accomplished through the eight lateral transparent windows of 1.875 m width 
by 0.975 m height of the flume, with each window monitored by a camera perpendicularly 
installed in front of the flume, used to get the free surface profile. The discharge was sup-
plied at the inlet of the flume regulating a valve. It was measured with an ultrasonic flow-
meter of ± 0.4% accuracy installed in a recirculation pipe. Sixteen piezometric tubes were 
used to measure the bed pressure heads, with an estimated error of ± 1 mm.

(44)

zb = ztop exp
[
−
1

2
�(lnX − �)2

]
,

X =
x

Lobs
+ �,

� = exp�,

Fig. 5   Flow over an asymmetrical bed profile: Comparison of GN V theory with experiments [77] and 2D 
irrotational flow results
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The experimental results for the free surface and bed pressure head profiles for a run 
with unit discharge q = 0.1637 m2/s are presented in Fig.  8 along with the simulation 
from GN V theory, showing an excellent agreement. The GN V theory is also in good 
agreement with the 2D potential flow results for this test, which are also included in the 
figure. The crest velocity and pressure distributions are predicted with good accuracy by 
GN theory. The measured and predicted bed pressures over the log-normal bed profile 
are both continuous, without any oscillations as previously reported by Sivakumaran 
[77]. Other runs conducted in the new experimental set-up produced similar results. 
Therefore, the modeling of bed pressures by GN V theory is in good agreement with 
experiments.

4.2 � Discharge characteristics

The ability of GN theory at different levels to reproduce the discharge characteristics of 
obstacles is examined in this section. The discharge coefficient CD

of the low sill of Gaussian shape zb = 0.2exp[− 0.5(x/0.24)2] [77] was determined with the 
GN I theory numerically, and the results are plotted in Fig. 9 versus the normalized specific 

(45)CD =
q

(
gE3

)1∕ 2 ,

Fig. 6   Flow over a symmetrical bed profile: Comparison of GN I theory with experiments [77] and 2D irro-
tational flow results
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energy E/R, where R is the obstacle crest radius of curvature. Experiments of Castro-Orgaz 
[12] and Castro-Orgaz et al. [16] for low sills of circular and Gaussian shape are plotted 
in the same figure, along with the second order O(2) shallow water expansion [16, 54, 55]

The shallow-water O(3) and O(5) expansions are also plotted in Fig. 9, but their coef-
ficients are not stated here for brevity. These are available in Castro-Orgaz et al. [16]. 
The O(5) expansion is the optimally truncated series in the interval 0 < E/R < 1, given 
that the shallow-water series were found to be asymptotic rather than convergent. Note 
that the GN I theory, which is equivalent to Serre–Green–Naghdi theory, is very close 
to the O(2) asymptotic expansion for E/R < 0.7, as previously found [15]. It does not 
closely match the experiments.

Results for the GN II theory are included in the same figure, showing a significant 
improvement over the GN I theory. This theory closely matches the experimental results 
up to E/R = 1, and it is also in very good agreement with the O(5) asymptotic expansion, 
which is the optimum result for this low sill test. The GN III theory produces impercep-
tible differences from GN II theory, we thus take GN II as the converged theory for the 
low sill test analyzed in Fig. 9.

(46)CD =
(
2

3

)3∕ 2(
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81

E

R

)
.

Fig. 7   Flow over a symmetrical bed profile: Comparison of GN II theory with experiments [77] and 2D 
irrotational flow results
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A higher sill of Gaussian shape zb = 0.6exp[− 0.5(x/0.24)2] was used to investi-
gate the convergence properties of GN theory at higher levels of the theory, which are 
expected to be necessary for high-head overflows, e.g., for E/R > 1. The discharge coeffi-
cient obtained for GN I, GN II, GN III, GN IV and GN V theories up to E/R = 3 is plot-
ted in Fig. 10a along with the 2D irrotational flow results and the O(2) and O(4) shallow 
water asymptotic expansions.

Figure 10a clearly shows that the shallow water expansions are asymptotic. We seek 
now to analyze the behavior of GN theory increasing its level from I to V. Results plot-
ted in Fig. 10a reveal that GN I theory is not a good approximation at large heads, given 
the significant divergence from 2D results. For GN II theory, note that the accuracy 
increase over GN I theory is significant; the theory is in excellent agreement with 2D 
results up to E/R = 1.75, producing an overprediction of CD onwards. This is a first 
remarkable result: the GN II theory is found again to be a significant improvement over 
GN I level. The GN III theory involves a notable variation over GN II theory at large 
heads. The GN IV level still produces a variation over GN III level, but variations in 

Fig. 8   Flow over log-normal profile constructed for verification of GN V theory: Comparison with experi-
ments and 2D irrotational flow results
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the results from GN IV to GN V level are however negligible and imperceptible visu-
ally. We thus take GN V level as the converged theory in this test. The second remark-
able result is that the GN theory is found to be convergent by increasing the modeling 
level, e.g., the number of terms N in the u-series expansions. Deviations in the predicted 
CD by GN V theory from 2D results are small, with a maximum deviation of 0.35% at 
E/R = 3.

An example of self-convergence test for the free surface profiles in presented in Fig. 10b 
for q = 0.3498 m2/s. Coordinates (Cd, E/R) for each GN level are also given in Fig. 10b. In 
line with Fig. 10a, a significant change in the predictions is observed from GN I to GN II. 
From GN IV to GN V, by contrast, results are almost identical; variations are in the 4th-
decimal place for Cd and visually imperceptible in the flow profile. Therefore, for this test, 
GN V is adopted as the converged theory.

Based on Fig. 10, the predictions of GN V are better than those of GN I and GN II, 
as expected. Note, however, that the converged theory may be different for other sill-con-
trolled flow tests. For the low sill simulated in Fig.  9, GN II theory was good enough. 
There may be cases demanding a level above V, e.g., VI or VII. This makes clear that, in 
any application of the GN theory, the self-convergence test is mandatory.

Now that GN V level is taken here as the practical model for sill-controlled flows; its 
accuracy is examined using experimental data of different sources, involving parabolic 
weirs [3], circular-crested weirs [12, 72, 84], Gaussian humps [76] and spillway profiles 
[31, 45]. The CD curve modeled by GN V theory is compared in Fig. 11 with these data-
sets, and the O(2) leading order shallow water expansion is included for reference at low 
heads. The results of GN V theory are found to be in good agreement with experiments up 
to the large head E/R = 3. For low heads, e.g., E/R < 0.5, it overlaps with the O(2) shallow-
water expansion, as expected.

The flow over a sill crest is frequently accomplished using critical flow computations 
including the effects of streamline curvature at the obstacle crest [11, 19, 31]. A theory 
which allows such computations is that of Fawer [11, 31], where the streamline curvature 
is assumed to obey the following interpolation formula at the crest

Fig. 9   Discharge characteristics 
of low height sill of Gauss-
ian shape: Comparison of GN 
theory at different levels with 
experiments and shallow water 
asymptotic expansions
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Fig. 10   a Convergence features 
of discharge characteristics at 
higher-levels of the Green–
Naghdi theory; comparison with 
shallow water asymptotic expan-
sions and 2D irrotational flow 
results; b self-convergence test 
for free surface profile

Fig. 11   Comparison of GN V 
level theory with experimental 
data from different sources
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where K and n are empirical coefficients of the theory, determined by Fawer [31] by fitting 
his theory to 2D flow net results. Average values K = 0.5 and n = 2.2 are in general appro-
priate [11]. Inserting Eq. (47) into an analytical solution of the crest velocity distribution 
derived from the Euler equations, the result is used to compute the discharge q for a given 
head E, which is also a function of the undetermined crest flow depth. The unit discharge 
is then maximised (equivalent to setting critical flow conditions) with respect to the crest 
flow depth, producing as an outcome CD for this value of E. The predicted CD by Fawer’s 
[31] critical flow theory is compared in Fig.  12 to GN V theory and experiments. Both 
theories are close to each other up to E/R = 1.5, diverging onwards. It means that, for Fawer 
theory, a different data pair (K, n) should be used to fit the GN V results at larger heads. 
The present comparison is a new validation of Fawer theory, which is demonstrated to be 
again a good modeling option for the discharge characteristics, when adequate (K, n) val-
ues are used.

4.3 � Limitations linked to bed geometry: discontinuities and bed steepness

The development of GN theory assumes that the variables h, zb and u are continuous and 
differentiable at least to third order [75]. The new experiments conducted in this work with 
a log-normal bed profile (Fig. 8) were specifically designed to verify this starting assump-
tion and check the accuracy of GN V theory. However, this assumption may be drastic 
for handling a real uneven bathymetry, where there may not be continuity in the bed high 
order derivatives. Therefore, Demirbilek and Webster [27] included in their GNWAVE 
model a post-processing of the actual bed bathymetry where a numerical filter was used 
to its smoothing. This ensures up to certain limits that dzb/dx, d2zb/dx2 and d3zb/dx3 can be 
determined with enough accuracy. Additionally, Webster and Wehausen [88] found that 
the GNWAVE model failed to produce solutions where the bed steepness was more than 
approximately 40°. Given that, in GN theory, no scales are used, and no terms are throw 
out, the only way to test the limitations of the theory for handling topography is to produce 
a solution and compare it with relevant data [88]. Therefore, the purpose of this section is 
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Fig. 12   Comparison of Fawer’s 
[31] critical flow theory with 
level V Green-Naghdi theory and 
experiments
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to examine the limitations of the GN theory for handling discontinuities and steep slopes in 
sill overflows.

We have considered a test by Vo [84] on a circular-crested weir of radius 0.1516 m ele-
vated 1 m from the flume bed. Upstream and downstream ramps of 60° and 45°, respec-
tively, were used [84], test No. 420). The measured velocity and pressure distributions at 
the crest, and the flow profile, are plotted in Fig. 13a and b. This set up is continuous in zb, 
discontinuous in dzb/dx at the intersections of the ramps with the horizontal floor of the 
flume, and discontinuous in d2zb/dx2 and d3zb/dx3 at the points of tangency of the ramps 
with the circular arch. Therefore, this is a challenging bed profile for simulations with GN 
theory.

A first run of GN theory without doing any treatment of the bed indicated that, at the 
downstream side of the weir, where the flow is supercritical, none of the discontinuities 
had an effect. However, upstream of the crest, at both the joining point of the flume and 
the upstream ramp, and at the tangency point of the upstream ramp with the cylinder, 
distortions of the flow profile were observed. The upstream effect was easily removed 
using a 5th-order polynomial as transition curve, given that the behavior is similar to 
Boussinesq equations, which also require this type of bed post-processing [15]. A simu-
lation of GN V theory after this modification is presented in Fig. 13. Observe the dip 
in the free surface near the beginning of the circular arch (Fig. 13b). No attempts were 
made to remove this effect, to check if it had an impact of the crest flow conditions. 

Fig. 13   Flow over circular-
crested weir. Comparison of GN 
V theory with experiments [84] 
a crest velocity and pressure dis-
tributions, b free surface profile, 
q = 0.08 m2/s. Here E is the crest 
specific energy and hc = (q2/g)1/3 
the critical depth
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Predicted GN V crest velocity and pressure distributions are presented in Fig. 13a and 
compared with the experimental data [84], resulting in a fair agreement. The predicted 
flow profile is also in reasonable agreement with experiments in the crest zone. The 
conclusion of this test is that discontinuities in zb, dzb/dx, d2zb/dx2 and d3zb/dx3 in fact 
have an adverse effect on modeling, and transition curves, like those used in Bouss-
ineq models, are needed to remove them when applying GN theory. However, without 
removing completely the discontinuities, predictions of the GN theory are rather good 
in the critical section of the overflow, which is the crest.

It is obvious that a bottom slope with 90° of inclination will need resort to the so-
called jump conditions for assembling portions of the flow profile up-and downstream 
from a vertical bed. For a very slight bottom inclination one would expect that all the 
derivatives dzb/dx, d2zb/dx2 and d3zb/dx3 be small. However, it is unknown up to which 
steepness before 90° the GN theory can be applied. Webster and Wehausen [88] found 
solution failure for a bed steepness more than 40°. Therefore, a closer examination of 
the issue was accomplished here using the transition from mild to steep slopes [44]. 
Although this is not properly a sill overflow test, it models the effects of bottom slopes 
on the flow past a control section, which is also basically a fundamental characteris-
tic of the overflow problem. In the slope transition problem (Fig. 14), an approaching 

Fig. 14   Comparison of GN V 
theory and experiments [44] for 
flow at steep slopes of a 45°, b 
60°, q = 0.1 m2/s
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critical flow accelerates over a horizontal flume towards a transitional curve designed 
with a circular arc of radius 0.1 m, which is made tangent to downstream ramps of 45° 
and 60°. The data of Hasumi [44] for the flow profiles in these transitions is plotted in 
Fig. 14. Simulations of GN V theory presented in the same figure show a good agree-
ment with experiments, demonstrating that, for the kind of problems examined herein, 
the GN theory has validity up to a rather high steepness. For 90°, the theory cannot be 
applied unless jump conditions are developed.

5 � Discussion of results and limitations

In this work, variational GN models up to level V were developed by expanding the hori-
zontal velocity using as base functions the shifted Legendre polynomials, and determining 
the vertical velocity and fluid pressure by integration of the continuity and z-momentum 
equations, respectively. Although the base functions and closure for w and p are different 
from those used previously by Shields and Webster [75] and Webster et al. [91], the struc-
ture of the equations is the same. It does not have implications on the accuracy of either 
method, but suggests that the differential equations of the theory generally obey a deter-
mined mathematical structure, which makes the efficient numerical method by Demirbilek 
and Webster [26, 27] of general applicability.

A key feature of the theory is that kinematic boundary conditions are exactly satisfied 
as well as conservation of mass and z-momentum. In contrast, x-momentum is satisfied in 
a weighted residual sense only. Increasing the level of the theory (namely increasing the 
number of terms in the u-expansion), the solution converged for the sill problem, implying 
that the x-momentum balance was satisfied with greater accuracy. In contrast, perturbation 
expansions are only asymptotic thus limited to low E/R.

By comparing the simulations of the five levels of the theory considered, it was found 
that a very significant improvement occurs when using the GN II theory instead of the 
GN I. Although progressive improvements were found when jumping from one level of 
the theory to the next onwards, until convergence, these were in general moderate to small 
adjustments of the already robust GN II theory. Therefore, the GN II theory is the mini-
mum advised in practice.

An improved x–ψ method to construct a vertically resolved fully non-linear potential 
flow solution for large sill overflows was developed with an implicit treatment of the free 
surface iteration. Solution failure of previous schemes when iterating the discrete free-
surface Bernoulli equation was examined and practical advice given to obtain converged 
solutions. The sensitivity of solutions upstream of the sill crest was elucidated, showing 
than changes in the free surface are maximal when the Bernoulli constant varies by a small 
quantity, suggesting the need of a careful iteration method and good initial solution.

The GN V theory is adopted as the practical model for sill overflows, given the excellent 
approximation to the problem. The free surface streamline generated by GN V theory has 
an additional important utility, namely its use as initial free surface in the 2D irrotational 
flow solver. The construction of such solutions needs a good initial surface for convergence 
of the free-surface discrete Bernoulli equation iterations.



45Environmental Fluid Mechanics (2024) 24:19–56	

1 3

A limitation inherent to the GN theory is that the bed bathymetry zb(x) shall be continu-
ous and differentiable. This poses a problem at discontinuities like a bottom step. In these 
cases, generalized jump conditions need to be formulated for the high-level equations, 
thereby assembling solutions at each side of the bed discontinuity. In the present work, 
we generally considered continuous bed profiles, and the limitation was not present. The 
same limitation is shared by other theories, like Boussinesq equations. New experiments 
conducted in a large-scale obstacle constructed with a log-normal shape demonstrated the 
accuracy of GN theory for handling flows over a rapidly changing bed shape.

Another limitation found by Shields [74], Shields and Webster [75] and Demirbilek and 
Webster [26, 27] is that the GN high-level theory cannot be applied for breaking waves. 
When a wave is about to break, singular matrices were produced in the block Thomas algo-
rithm, leading to solution failure. This was verified during this research. It means that, in 
principle, the GN theory cannot be applied to hydraulic jump and bores, like those that 
may appear at the lee side of a sill. However, the solution failure is unclear and may be 
linked to the numerical method used by Demirbilek and Webster [26, 27], the one also 
used here, which seems to be adequate to simulate continuous flows only, but not for dis-
continuous solutions. The main physical assumption of GN theory is that the horizontal 
velocity admits an expansion which basically results in high-order polynomials depending 
on elevation z. This is in general a good choice for open channel flows, even for bores and 
hydraulic jumps, due to the ability of a high order polynomial to mimic recirculation zones, 
like a roller. Therefore, there seems to be no physical reason to discard use of high-level 
GN theory for breaking waves, but a more robust numerical method to deal with shocks 
seems advisable. The robust finite-volume solver developed by Cantero-Chinchilla et  al. 
[8] for a theory, which is similar to GN II, simulated breaking waves and jumps, reinforc-
ing the above arguments. Further research is needed to clarify these aspects of the GN 
theory. In the present work the actual limitation discussed had no impact, given the smooth 
solutions across the sill crest without hydraulic jumps at the lee side.

The high-level Green–Naghdi (GN level V or GN V) theoretical development, the ear-
lier Serre–Green–Naghdi (SGN) theory (i.e. the lowest level GN I) and the irrotational flow 
theory of ideal fluid were applied for steady overflow conditions up to E/R = 3. Therefore, 
a limitation of the application developed in the current research is its validity for steady 
flow conditions up to this overflow limit. Recent laboratory experimentation using half-
round circular weirs considered unsteady overflows with larger ratios, resulting in several 
major technical challenges. Recently, a test case study of round-crested un-ventilated weirs 
reported several discrepancies among 20 data sets obtained at 20 different hydraulic facili-
ties worldwide for the same boundary condition specifications [81]. A number of subse-
quent studies with half-round circular crested weir pointed to the occurrence of non-linear 
instabilities, including hysteresis [20] and cyclic behaviour [21]. Chanson and Memory 
[21] concluded to the existence of complicated physical modelling characterised by tran-
sient flow patterns spanning over relatively long durations [21]. Such instabilities above 
half-round circular weirs result in a large scatter in CD for E/R > 3, with marked differences 
between data sets obtained with increasing discharge q versus decreasing discharge. The 
time variation of the water depth above the sill crest showed the superposition of slow fluc-
tuations and very rapid fluctuations in these experiments. The former was associated with 
changes in flow patterns between attached and detached nappes, observed in a very slow 
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quasi-cyclic manner, yielding large changes in upstream water depth, depth above the sill 
crest and discharge coefficient. The cyclic flow patterns did not develop into steady flow 
condition, despite experiments conducted for very long durations, i.e. over three hours. The 
existence of non-linear instabilities and cyclic flow patterns linked to unsteady flow condi-
tions constitute a limitation of the current application, which shall be explored in future 
research of GN theory for application to channel structures.

6 � Concluding remarks

The main concluding remarks of this work  on the high-level Green-Naghdi (GN) the-
ory are as follows:

It is found that GN I theory does not yield an accurate modeling approach for the flow 
profile, discharge coefficient and crest velocity and pressure distributions for E/R > 0.7. 
The GN II level theory is in general a good choice for relatively large heads, i.e., up to 
E/R = 1.75, with a small increase in computational load over the GN I theory.

The Green–Naghdi expansions are found to be convergent for the sill-controlled flow 
problem, in contrast to the shallow water expansions, which are asymptotic only. GN V 
theory is adopted as the practical model, given that it resulted in excellent agreement 
with the 2D irrotational flow results and experiments available in the literature and newly 
conducted ones, producing good CD predictions for relatively large overflows, e.g. up to 
E/R = 3.

The GN V theory was compared with approximate critical flow computations with 
curved streamlines due to Fawer [31], resulting in a good agreement for average calibrated 
parameters of the latter approximate theory. The slope limitation of GN V theory for sill 
overflows is in principle 60° given the excellent behavior of the theory when compared 
with experiments.

The GN V theory was not tested for unsteady sill overflow conditions, such as the occur-
rence of non-linear instabilities and cyclic flow behaviors observed on half-round circular-
crested weirs for high upstream head above crest, constituting a path of future application 
of GN theory to prototype and laboratory structures.

Appendix A: Matrix formulation for GN II equations

In this section we provide the symbolic output for the modeling approach GN II. 
Green–Naghdi theory of level II starts assuming that u = u0 + u1ϕ1. The expansions for (u, 
w, p) are as follows:
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u= u0 - (2*sigma - 1)*u1;

w=zbx*u0 + zbx*u1 - sigma*u0x*h - sigma*u1x*h -
2*sigma*zbx*u1 + sigma^2*u1x*h - sigma^2*hx*u1;

p/(rho*g)=(u0x*h + hx*u0)^2/g - sigma*h + h -
(u0tx*h^2)/(2*g) - (u1tx*h^2)/(6*g) - (u0x^2*h^2)/(2*g) + 
(hx^2*u0^2)/g + (hx^2*u1^2)/(6*g) + 
(sigma^2*u0tx*h^2)/(2*g) + (sigma^2*u1tx*h^2)/(2*g) -
(sigma^3*u1tx*h^2)/(3*g) - (hx*u1t*h)/(3*g) + (u0t*zbx*h)/g 
- (sigma^2*u0x^2*h^2)/(2*g) - (sigma^2*u1x^2*h^2)/(2*g) + 
(sigma^3*u1x^2*h^2)/g - (sigma^4*u1x^2*h^2)/(2*g) -
(2*sigma^3*hx^2*u1^2)/(3*g) + (sigma^4*hx^2*u1^2)/(2*g) + 
(u1x*h*(u0x*h + hx*u0))/(3*g) - (2*hx*u0*(u0x*h + hx*u0))/g 
+ (4*hx*u1*(u0x*h + hx*u0))/(3*g) + (hxx*h*u1^2)/(6*g) -
(u0xx*h^2*u0)/(2*g) + (u0xx*h^2*u1)/(6*g) -
(u1xx*h^2*u0)/(6*g) - (4*hx^2*u0*u1)/(3*g) -
(2*zbx*u0*(u0x*h + hx*u0))/g + (zbx*u1*(u0x*h + hx*u0))/g + 
(zbxx*h*u0^2)/g + (zbxx*h*u1^2)/(3*g) + (h*u1*(u0xx*h + 
hxx*u0 + 2*hx*u0x))/(3*g) + (2*hx*zbx*u0^2)/g + 
(hx*zbx*u1^2)/(3*g) - (sigma*zbxx*h*u0^2)/g -
(sigma*zbxx*h*u1^2)/g + (sigma^3*hx*u1t*h)/(3*g) + 
(sigma^2*u1t*zbx*h)/g - (sigma^3*u1x*h*(u0x*h + 
hx*u0))/(3*g) + (2*sigma^3*hx*u1*(u0x*h + hx*u0))/(3*g) + 
(sigma^3*hxx*h*u1^2)/(3*g) - (sigma^4*hxx*h*u1^2)/(2*g) + 
(sigma^2*u0xx*h^2*u0)/(2*g) + (sigma^2*u0xx*h^2*u1)/(2*g) + 
(sigma^2*u1xx*h^2*u0)/(2*g) + (sigma^2*u1xx*h^2*u1)/(2*g) -
(2*sigma^3*u0xx*h^2*u1)/(3*g) - (sigma^3*u1xx*h^2*u0)/(3*g) 
- (sigma^3*u1xx*h^2*u1)/g + (sigma^4*u1xx*h^2*u1)/(2*g) -
(2*sigma^3*hx^2*u0*u1)/(3*g) + (sigma^2*zbx*u1*(u0x*h + 
hx*u0))/g + (2*sigma^2*zbxx*h*u1^2)/g -
(4*sigma^3*zbxx*h*u1^2)/(3*g) - (sigma^2*u0x*u1x*h^2)/g + 
(sigma^3*u0x*u1x*h^2)/g - (sigma^3*h*u1*(u0xx*h + hxx*u0 + 
2*hx*u0x))/(3*g) - (sigma^2*hx*zbx*u1^2)/g + 
(2*sigma^3*hx*zbx*u1^2)/(3*g) - (hxx*h*u0*u1)/(3*g) -
(hx*u0x*h*u1)/g - (2*hx*u1x*h*u0)/(3*g) + 
(hx*u1x*h*u1)/(3*g) + (3*u0x*zbx*h*u0)/g - (u0x*zbx*h*u1)/g 
+ (2*u1x*zbx*h*u1)/(3*g) - (hx*zbx*u0*u1)/g -
(sigma*u0t*zbx*h)/g - (sigma*u1t*zbx*h)/g -
(2*sigma*zbxx*h*u0*u1)/g - (sigma*u0x*zbx*h*u0)/g -
(sigma*u0x*zbx*h*u1)/g - (sigma*u1x*zbx*h*u0)/g -
(sigma*u1x*zbx*h*u1)/g + (sigma^3*hxx*h*u0*u1)/(3*g) + 
(2*sigma^2*zbxx*h*u0*u1)/g - (sigma^3*hx*u0x*h*u1)/g + 
(2*sigma^3*hx*u1x*h*u0)/(3*g) - (sigma^3*hx*u1x*h*u1)/(3*g) 
+ (sigma^2*u1x*zbx*h*u0)/g + (sigma^2*u1x*zbx*h*u1)/g -
(2*sigma^3*u1x*zbx*h*u1)/(3*g) - (sigma^2*hx*zbx*u0*u1)/g; 

Note u is a polynomial of degree 1 in σ, w is a polynomial of degree 2 in σ and p is a 
polynomial of degree 4 in σ. Using these expansions for (u, w, p), the Green–Naghdi evolu-
tion equations found are:
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where the coefficients are stated below:
Equation 1 (j = 1)

g1= g*zbx*h+ g*hx*h + u0x*h*u0+(hx*u1^2)/3 + (hx^3*u1^2)/10 
+ (3*hxxx*h^2*u1^2)/20 + (zbxxx*h^2*u0^2)/2 + 
(zbxxx*h^2*u1^2)/6 + hx*u0x^2*h^2 + (hx*u1x^2*h^2)/5 + 
u0x^2*zbx*h^2 + (u1x^2*zbx*h^2)/3 + (hx*zbx^2*u1^2)/3 + 
(hx^2*zbx*u1^2)/3 + (2*u1x*h*u1)/3  - (u0xxx*h^3*u0)/3 + 
(5*u0xxx*h^3*u1)/12 - (u1xxx*h^3*u0)/12 + (u1xxx*h^3*u1)/60 
+ (u0x*u0xx*h^3)/3 + (u0x*u1xx*h^3)/12 + 
(7*u1x*u0xx*h^3)/12 - (u1x*u1xx*h^3)/60 + (hx*hxx*h*u1^2)/2 
- (zbxxx*h^2*u0*u1)/3 + (3*hx^2*u0x*h*u1)/2 -
(hx^2*u1x*h*u0)/2 + (7*hx^2*u1x*h*u1)/10 - hx*u0xx*h^2*u0 + 
2*hx*u0xx*h^2*u1 - (hx*u1xx*h^2*u0)/2 + 
(3*hx*u1xx*h^2*u1)/10 + (3*hxx*u0x*h^2*u1)/4 -
(hxx*u1x*h^2*u0)/4 + (11*hxx*u1x*h^2*u1)/20 + 
hx*zbxx*h*u0^2 + (hx*zbxx*h*u1^2)/2 + (hxx*zbx*h*u1^2)/3 + 
u0x*zbx^2*h*u0 + (2*u1x*zbx^2*h*u1)/3 + 
(3*u0x*zbxx*h^2*u0)/2 - (u0x*zbxx*h^2*u1)/2 -
(u1x*zbxx*h^2*u0)/2 + (u0xx*zbx*h^2*u1)/3 -
(u1xx*zbx*h^2*u0)/3 + (2*u1x*zbxx*h^2*u1)/3 + 
(u1xx*zbx*h^2*u1)/3 + hx*u0x*u1x*h^2 + zbx*zbxx*h*u0^2 + 
(zbx*zbxx*h*u1^2)/3 - (2*hx*zbxx*h*u0*u1)/3 + 
hx*u0x*zbx*h*u0 + (2*hx*u0x*zbx*h*u1)/3 -
(2*hx*u1x*zbx*h*u0)/3 + (4*hx*u1x*zbx*h*u1)/3; 
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Equation 2 (j = 2)

 
g2= (hxxx*h^2*u1^2)/60 - (hx^3*u1^2)/30 + 
(zbxxx*h^2*u0^2)/6 + (zbxxx*h^2*u1^2)/30 + 
(hx*u1x^2*h^2)/15 + (2*u1x^2*zbx*h^2)/15 - 
(hx^2*zbx*u1^2)/15 + (u0x*h*u1)/3 + (u1x*h*u0)/3 - 
(u0xxx*h^3*u0)/12 + (u0xxx*h^3*u1)/15 - (u1xxx*h^3*u0)/30 + 
(u0x*u0xx*h^3)/12 + (u0x*u1xx*h^3)/30 + (2*u1x*u0xx*h^3)/15 
- (hx*hxx*h*u1^2)/30 - (3*hx^2*u0x*h*u1)/10 + 
(hx^2*u1x*h*u0)/10 - (hx^2*u1x*h*u1)/30 -
(hx*u1xx*h^2*u0)/10 + (hx*u1xx*h^2*u1)/30 + 
(3*hxx*u0x*h^2*u1)/20 - (hxx*u1x*h^2*u0)/20 + 
(hxx*u1x*h^2*u1)/12 - (hxx*zbx*h*u1^2)/15 + 
(u0x*zbx^2*h*u1)/3 + (u1x*zbx^2*h*u0)/3 + 
(u0x*zbxx*h^2*u0)/2 + (u0xx*zbx*h^2*u0)/3 -
(u0xx*zbx*h^2*u1)/3 + (u1x*zbxx*h^2*u1)/6 + 
(u1xx*zbx*h^2*u1)/15 + (hx*u0x*u1x*h^2)/5 + 
(hx*zbxx*h*u0*u1)/3 + (2*zbx*zbxx*h*u0*u1)/3 -
(hx*u0x*zbx*h*u1)/3 + (hx*u1x*zbx*h*u0)/3 -
(hx*u1x*zbx*h*u1)/15; 

Equation 1 (j = 1)

A11=h + zbx^2*h + (zbxx*h^2)/2 + hx*zbx*h; 
A12= - (hx^2*h)/2 - (hxx*h^2)/4 - (zbxx*h^2)/6 -
(2*hx*zbx*h)/3; 

B11=-hx*h^2;
B12=- (hx*h^2)/2 - (zbx*h^2)/3;

C11=-h^3/3;
C12=-h^3/12;
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Equation 2 (j = 2)

A21=(zbxx*h^2)/6; 
A22=(h*hx^2)/10 + (h*hx*zbx)/3 + (h*zbx^2)/3 + h/3 -
(hxx*h^2)/20; 

B21=(zbx*h^2)/3; 
B22=-(hx*h^2)/10; 

C21=-h^3/12;
C22=-h^3/30;

Appendix B: Discrete free‑surface Bernoulli equation

The determination of the free surface position with the discrete Bernoulli equation is a 
complex non-linear problem. To our knowledge, the difficulties are commented in some 
works [22, 56, 79], but these are nor explored neither explained. Here, we provide an out-
look to the problem and some practical advice.

The discrete free surface Bernoulli equation at a position i of the mesh is using the x-ψ 
mapping

For a given value of H(i), this is a cubic equation with three possible roots for z(i, M), 
the coordinate of the free surface at that node. It was found that the three possible roots z(i, 
M) for a given H(i) value are real, and of a magnitude very similar. This makes exceed-
ingly difficult to determine with a root finding algorithm like the Newton–Raphson method 
which one is the physically correct root. Further analysis was undertaken here to get a bet-
ter understanding.

We have considered the flow over the Gaussian hump test in Fig. 7. Using the final con-
verged two-dimensional solution, the function H(i) is plotted versus z(i, M) in Fig. 15 at 
the crest section (x = 0 m) and upstream of the sill crest (x =  − 0.5 m), in the zone of uncer-
tainty according to Cheng et al. [22]. At both sections, the actual flow solution is plotted. 
We have also determined the three roots for the target energy head, which are for x = 0 m:

(S1, S2, S3) = (0.349512991389396, 0.302113856953000, 0.294138840891281).
For the section at x =  − 0.5 m the three roots are:
(S1, S2, S3) = (0.344987598039410, 0.343003371274220, 0.326689053566463).
The roots are also marked in Fig. 15.
At the sill crest two of the roots are found to be remarkably close to each other (S2 

and S3), one of them being unphysical and corresponding to us < 0 (solution S3). The 
condition of zero surface velocity (us = 0) is given analytically by z(i, M) =  − [− 4z(i, 
M − 1) + z(i, M − 2)]/3, which is plotted as a dotted line in Fig. 15. It is in general not 
possible to decide with the Newton–Raphson iteration scheme which of the roots is the 
physically correct one, given that all are real and very close to each other at the weir 
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crest. Upstream of the crest the situation is even more complex, given that the two roots 
with us > 0 (S1 and S2) are almost identical from a numerical standpoint and close to the 
point of minimum H(i). Therefore, a small variation in H(i) during the iteration of the 
surface node there will produce a very large variation in z(i, M) given that the changes 
dz(i, M)/dH(i) are maximal in this zone of the curve. Note that the curves presented 
in Fig.  15 are a representation of the discrete free surface Bernoulli equation and are 
unrelated to the minimum specific diagram of hydrostatic flows. A minimum in H(i) is 
unrelated to critical flow.

The above considerations suggest the necessity of using a good initial solution for 
all the free surface nodes in the 2D model, e.g., that given by GN V, and during the 
iterations, a damping factor of the order of 0.1 is to be applied to the correction vec-
tor ∆zs, ensuring that the physically correct root is approached in the zone of uncer-
tainty upstream of the sill crest. The corrections are not allowed to drop below z(i, 
M) =  − [− 4z(i, M − 1) + z(i, M − 2)]/3, which is therefore a lower bound.
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Fig. 15   Discrete free surface 
Bernoulli equation diagram at 
two sections for the gaussian 
flow test of Fig. 7 indicating the 
actual 2D flow solution and the 
three possible roots
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