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Abstract Stepped spillwayflows are characterised by significant free-surface aeration down-
stream of the inception point of air entrainment. The stepped design is advantageous for appli-
cations which require large energy dissipation and strong flow aeration. While the energy
dissipation rate for embankment stepped spillways was studied previously, the optimum
design for aeration and air–water mass transfer is not known. Herein new air–water flow
experiments were conducted on several stepped spillways with embankment dam slopes
using with phase-detection intrusive probes. The present data were compared with previ-
ous studies in terms of energy dissipation, flow aeration and air–water mass transfer. The
air–water mass transfer was calculated based upon air–water flow measurements in terms of
dissolved oxygen. The re-oxygenation rates were comparedwith previous studies comprising
both conductivity and direct dissolved oxygen measurements. The comparison highlighted a
monotonic increase of aeration efficiency with energy dissipation rate. All data were in good
agreement independent of channel slopes, stepped configuration and sensor size. The data
confirmed the effects of strong air–water interactions within the bulk of the flow for both
energy dissipation and re-oxygenation performances.

Keywords Stepped spillway · Aeration · Air–water mass transfer ·
Air–water flow properties · Energy dissipation · Optimum design

1 Introduction

A key characteristic of self-aerated stepped spillway flows is the significant aeration down-
stream of the inception point of air entrainment. At the upstream end, the flow appears glassy

S. Felder (B)
Water Research Laboratory, School of Civil and Environmental Engineering,
The University of New South Wales, Manly Vale, NSW 2093, Australia
e-mail: s.felder@unsw.edu.au

H. Chanson · S. Felder
School of Civil Engineering, The University of Queensland, Brisbane, QLD 4072, Australia
e-mail: h.chanson@uq.edu.au

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10652-014-9376-x&domain=pdf


696 Environ Fluid Mech (2015) 15:695–710

Fig. 1 Air–water flows on a stepped spillway (θ = 26.6◦) with flat steps; Free-surface aeration downstream
of the inception point for a skimming flow regime (dc/h = 1.37, qw = 0.159m2/s,Re = 6.3 × 105)

and a boundary layer starts to develop at the boundary of the broad-crestedweir. The boundary
layer grows along the stepped section and when the turbulence fluctuations next to the free-
surface are large enough, the air entrainment process starts naturally at the inception point
of free-surface aeration. Immediately downstream of the inception point, the flow rapidly
varies and the air content increases over a small distance (Fig. 1). Further downstream of
the inception point, the flow becomes gradually varied and a highly turbulent air–water flow
mixture exists which enables a sustained entrainment of air. The air–water flows are highly
complex and strong energetic interactions between air bubbles and water droplets take place.
At some distance downstream of the inception point, uniform equilibrium flow condition
might be reached when characteristic air–water flow properties do not change in downstream
flow direction. It was argued by [9] that no equilibrium flow conditions existed on stepped
spillways and the experiments of [1] and [14] indicated characteristic seesaw patterns in the
skimming flow regime.

The strong aeration is a key characteristic of stepped spillway flows which is relevant
to re-oxygenation applications such as in waste water treatment, chemical applications or
for rivers under environmental stresses. Hence the quantification of the aeration perfor-
mance and air–water mass transfer rate is an important design parameter. Recently [3,29]
quantified the re-oxygenationwith direct dissolved oxygenmeasurements on the downstream
end of stepped spillways with slopes of θ = 3.4◦, 18.4◦ and 26.6◦. Further researchers stud-
ied the air entrainment performances on stepped spillways with embankment dam slopes
3.4◦ ≤ θ ≤ 26.6◦ (e.g. [2,11,12,14–16,19,25]) using phase-detection intrusive probes.
Herein detailed air–water flowmeasurementswith phase-detection intrusive probeswere con-
ducted on stepped chutes with flat, pooled and porous pooled steps with θ = 8.9◦ and 26.6◦
and the data were analysed in terms of flow aeration, energy dissipation and re-oxygenation
rate.

Phase-detection intrusive probes can measure characteristic air–water flow properties
including void fraction, bubble count rate and interfacial velocity and further characteris-
tic aeration parameters including the mean air concentration Cmean:
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Cmean = 1

Y90
×

Y90∫

0

C × dy (1)

where Y90 is the characteristic flow depth where C = 0.9. The mean air concentration Cmean

is the depth averaged characteristic void fraction parameter describing the aeration within a
cross-section.

The air–watermass transfer between two interfaces is stated inFick’sLaw,which expresses
the mass transfer rate as function of the diffusion coefficient and of the gradient of gas
concentration. In stepped spillway flows, the air–water mass transfer is proportional to the
air–water interface area and the concentration gradient between air and water. The air phase
in water consists of a volatile liquid (e.g. oxygen) and the mass transfer equation can be
expressed as [7,28,29]:

∂

∂t
Cgas = kL × a × (

Csat − Cgas
)

(2)

whereCgas is the local concentration of the dissolved gas,Csat is the concentration of dissolved
gas in water at equilibrium (herein Csat = 9.2mg/l for O2) [21], kL is the liquid film coefficient
and a is the specific interfacial area. The liquid film coefficient is a factor for the mass transfer
and almost constant for all bubble chord sizes and flow conditions [22]:

kL = 0.47 × √
Dgas ×

(
μw

ρw

)−1/6

× 3
√
g (3)

where μw and ρw are the dynamic viscosity and density of water respectively and Dgas is the
molecular diffusivity for oxygen [18]:

Dgas = 1.16793 × 10−27 × T7.3892
K (for O2) (4)

The molecular diffusivity for oxygen was calculated for a temperature in Kelvin TK = 293K
(i.e. 20 Celsius).

Equation (2) may be transformed to account for the mass transfer between successive
cross-sections:

∂

∂x
Cgas = kL × amean

Uw

(
Csat − Cgas

)
(5)

where x is the longitudinal distance along the stepped chute, Uw the mean flow velocity and
amean the depth-averaged specific interfacial area measured with a conductivity probe:

amean = 1

Y90
×

Y90∫

0

a × dy (6)

where the specific interface area for any bubble shape and chord size distribution can be
estimated as [6]:

a = 4 × F

V
(7)

The interface area is proportional to the number of entrained air bubbles F and inversely
proportional to the interfacial velocity V. The aeration efficiency was therefore enhanced in
presence of large numbers of small entrained air bubbles and slow flow velocities.

In stepped spillway flows, the overall gas transfer may be quantified by integrating Equa-
tion (5) along the stepped chute from the inception point of air entrainment until the down-
stream end. The aeration efficiency in terms of oxygen E(O2) can then be expressed as
[28,29]:
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Fig. 2 Experimental configurations in the present study comprising flat uniform, flat non-uniform, pooled
and porous pooled steps; θ = 8.9◦ and 26.6◦

E(O2) = 1 − Csat − (Cgas)d/s

Csat − (Cgas)u/s
Cgas = (Cgas)d/s − (Cgas)u/s

Csat − (Cgas)u/s
(8)

where (Cgas)u/s is the upstream dissolved gas concentration and (Cgas)d/s the dissolved gas
concentration at the downstream end of the stepped chute.

2 Instrumentation and experimental program

In high-velocity air–water flows, the use of classical mono-phase flow instrumentation is
not possible due to the three dimensional air–water flow with large amounts of air–water
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interfaces (Fig. 1). Phase-detection intrusive probes are commonly used, and experimental
studies with optical fibre probes (e.g. [1]) and conductivity probes (e.g. [2,10,13,28]) were
successfully conducted in stepped spillways. In the present study, conductivity probes were
used (Table 1). The principle of the conductivity probe is based upon the different resistivity
of air and water providing an instantaneous voltage signal. The signal of a single sensor may
be analysed with a threshold technique to calculate the time averaged local air concentration
or void fraction C, the number of air-to-water (or water-to-air) voltage changes expressed
as bubble count rate F and the air bubble and water droplet chord sizes. For a double-tip
conductivity probe with longitudinal separation between the two probe sensors, the cross-
correlation analysis of the signals leads to the local time-averaged interfacial velocity V.
Details about the signal processing techniques can be found in [8] and [13].

The present experiments were conducted on several stepped spillways with slopes of
θ = 8.9◦ and 26.6◦ comprising flat uniform, flat non-uniform, pooled steps and porous pooled
steps with step height h = 5 cm and 5 cm respectively (Fig. 2). The experimental facilities
were large scale to minimize viscous scale effects affecting the microscopic air–water flow
processes in high-velocity free-surface flows [15]. For all stepped configurations, air–water
flow experiments were performed with conductivity phase-detection intrusive probes at all
step edges downstream of the inception point of air entrainment. The double-tip conductivity
probes had sensor sizes of Ø = 0.13 mm and 0.25 mm and were sampled for a duration of 45
s with a frequency of 20 kHz per sensor. The discharges comprised transition and skimming
flow rates 0.035 ≤ qw ≤ 0.234m2/s for the spillways with θ = 8.9◦ and 0.02 ≤ qw ≤
0.249m2/s for θ = 26.6◦ comprising Reynolds numbers of 1.4 × 105 ≤ Re ≤ 9.3 × 105

and 8.1 × 104 ≤ Re ≤ 9.9 × 105 respectively (Table 1).
The present experimental conditions are summarised in Table 1 comprising the channel

slope, the step height h, the channel width W, the flow rate per unit width qw, the dimen-
sionless flow rate dc/h with dc the critical flow depth, the conductivity probe and sampling
specifics and further relevant information about the design. Table 1 lists also the details of
further experimental studies of air–water flows on stepped spillways with embankment dam
slopes. Two studies measured the aeration efficiency based upon dissolved oxygen ([3,29])
while the other studies measured the air–water flow properties with conductivity probes. For
completeness, the data in Table 1 include also one air–water data set for a smooth spillway [5].
All experimental studies comprised typical embankment dam slopes and important informa-
tion about the aeration and air–water mass transfer on stepped spillways. Herein the mean air
concentration Cmean, the maximum bubble count rate Fmax and the aeration efficiency E(O2)
were compared for the embankment dam slopes to identify optimum aeration performances.

3 Air–water flow properties and energy dissipation

For all stepped configurations, the air–water flow properties were measured downstream of
the inception point of free-surface aeration. Typical distributions are illustrated in Fig. 3
including the void fraction, the bubble count rate, the interfacial velocity and the interfacial
area as function of the dimensionless distance perpendicular to the step edge y/Y90. The
present observations were consistent with previous experimental air–water flow studies (e.g.
[2,10,13,28]).

For all data sets, the void fraction distributions compared well with an analytical solution
of the advective diffusion equation for air bubbles [11]:
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C = 1 − tanh2
(
K′ − y/Y90

2 × Do
+ (y/Y90 − 1/3)3

3 × Do

)
(9)

where K′ is an integration constant and Do is a function of the mean air concentration Cmean

only (Fig. 3a). The mean air concentration increased sharply downstream of the inception
point and varied gradually with increasing distance downstream of the inception point. Simi-
larly the number of entrained air bubbles increased immediately downstream of the inception
point (Fig. 3b). With increasing distance in downstream direction, the number of air bubbles
increased and no uniform equilibrium flow conditions were reached before the end of the
stepped chute. This feature is visible in Fig. 3b where the bubble count rate is presented in
dimensionless terms F × dc/Vc with Vc the critical flow velocity.

Typical dimensionless interfacial velocity V/V90 distributions are illustrated in Fig. 3c for
several step edges with V90 the velocity where C = 0.9. The velocity distributions compared
well with a power law with exponent 1/10:

V

V90
=

(
y

Y90

)1/N
0 ≤ y/Y90 ≤ 1 (10)

For y/Y90 > 1, the data exhibited a uniform profile (Fig. 3c).
The dimensionless interfacial area distributions a×Y90 showed a similar shape compared

to the bubble count rate distributionswithmaxima in the intermediate flow region for C = 0.45
to 0.6 (Fig. 3d). With increasing distance downstream of the inception point, the interfacial
areas increased and no uniform equilibriummight exist at the downstream end of the stepped
spillway test section.

For all present stepped configurations, the rate of energy dissipation was calculated at the
last step edge based upon the upstream total head H = Hdam +3/2 dc and the residual energy
Hres at the downstream end:

Hres = d×cos θ+ U2
w

2 × g
+w =

Y90∫

y=0

(1 − C)dy×cos θ + q2w

2 × g ×
(
Y90∫
y=0

(1 − C) × dy

)2 +w

(11)
where g is the gravity acceleration constant and w the pooled weir height for the pooled
stepped spillway configurations. The total head loss along the chute was �H = Hmax −
Hres. The energy dissipation data of the present study are illustrated in dimensionless terms
�H/Hmax as a function of the dimensionless drop in elevation from the upstream end until the
measured step edge �zo/dc (Fig. 4). In Fig. 4, the present data are illustrated with colored
symbols and compared with further reanalysed data from previous studies (Table 1). For
all data sets, the energy dissipation rate was significant and large amounts of energy were
dissipated in particular for the smaller flow rates. The rate of energy dissipation decreased
with increasing discharge (Fig. 4). For certain large flow rates and above, the stepped chute
flow becomes non-aerated and the energy dissipation capacity drops drastically [7,24]. In
Fig. 4, this is visible in the sharp drop of the energy dissipation rate for the largest flow
rates which were characterised by a smaller aerated distance between inception point and
measurement position at the downstream end.
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Fig. 4 Energy dissipation rate on stepped spillways with embankment dam slopes (3.4◦ ≤ θ ≤ 26.6◦);
comparison of present data (coloured symbols) with previous data (Table 1, black symbols)

4 Aeration performance

A characteristic parameter of the flow aeration is the mean air concentration Cmean which
describes the depth-averaged air content. The mean air concentration for the flat and pooled
step configurations in the present study were compared with further flat stepped spillways
with embankment dam slopes at the downstream end of the stepped chutes (Fig. 5). The
data were presented as a function of the channel slope to investigate the effect of the slope
upon the aeration. In Fig. 5, the mean air concentration for the skimming flow discharges
are compared with aeration data from a smooth spillway with θ = 4◦, with the uniform
equilibrium data of [26] on a smooth spillway with various channel slopes and with an
equilibrium air concentration Ce = 0.9 × sin θ.

While the aeration on the smooth spillway compared well with the equilibrium aeration
[30], the mean air concentration for the stepped spillway data did not reach equilibrium air
concentration. The experimental data exceeded the equilibrium aeration level for stepped
spillways with θ ≤ 21.8◦ with the largest differences for the smallest channel slopes. The
mean air concentrationwas largest for the flat stepped spillwayswith θ = 21.8◦. Interestingly,
the mean air concentration was significantly smaller for the flat and pooled stepped spillways
with θ = 26.6◦. Within the range of typical embankment dam slopes (3.4◦ ≤ θ ≤ 26.6◦), a
stepped spillway with θ = 21.8◦ is optimum to maximize the air concentration. However, for
larger channel slopes, experiments by [1] and [23] showed mean air concentrations Cmean >

0.6 on stepped chutes with θ ≈ 50◦. Figure 5 compared solely skimming flow data and the
aeration within the nappe and transition flow regimes were larger for all stepped spillways.

A further characteristic parameter for the quantification of the air entrainment performance
is the maximum number of entrained air bubbles per unit time Fmax. In all present stepped
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Fig. 5 Depth-averaged air concentration at the downstream end on stepped spillways with embankment dam
slopes (3.4◦ ≤ θ ≤ 26.6◦) in skimming flows; comparison of present data (coloured symbols) with previous
data (Table 1, black symbols) and the equilibrium air concentration on flat smooth chutes; Note the different
conductivity probe sensor sizes

configurations, the maximum bubble count rate was observed in the intermediate flow region
for air concentrations of about 0.4<C< 0.6 as previously reported by [11]. The intermediate
flow region was characterised by strong air bubble and water droplet interactions which
were affected by free-surface waves [13]. Very energetic processes took place in this region
and the largest turbulent levels and the largest integral turbulent scales were observed. The
comparison of the present data with further studies (Table 1) is illustrated in Fig. 6 in terms of
themaximumnumber of entrained air bubbles at the downstreamend as a function of the chute
slope. For all stepped spillways, significant bubble count rates were observed even though the
flattest stepped chute slope indicated a smaller number of entrained bubbles (θ = 3.4◦). The
largest maxima in bubble count rate were observed for stepped spillways with θ = 15.9◦ and
21.8◦ within the range of embankment dam slopes (3.4◦ ≤ θ ≤ 26.6◦). However, it must be
noted, that the sensor tip size was smallest for some of these experiments which led to a larger
bubble count rate. As discussed by [4], the size of the conductivity probe tip affects the size
of the smallest detectable air bubble and hence the total number of detected bubbles increases
with decreasing tip size. Figure 6 illustrates maximum bubble count rates for different probe
sensor sizes and the effects of sensor size were not investigated in detail. Furthermore, the
length of the air–water flow region downstream of the inception point affects the bubble count
rate since no uniform equilibriumflow is achieved at the downstream end of the stepped chute.
The bubble count rate was affected by scale effects [15] and the comparison of the maximum
number of entrained air bubbles might be underestimated for smaller step heights.
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Fig. 6 Dimensionless maximum bubble count rate in a cross-section at the downstream end on stepped spill-
ways with embankment dam slopes (3.4◦ ≤ θ ≤ 26.6◦); comparison of present data (coloured symbols)with
previous studies(Table 1, black symbols); Note the different conductivity probe sensor sizes

Despite these limitations, the comparative analysis suggested an increase of Fmax with
increasing channel slope for θ ≤ 21.8o and a slight drop of maximum bubble count rate for
θ = 26.6◦. Further investigations are needed to eliminate effects of different scaling, different
conductivity probe sensor size and different downstream distance from the inception point
of air entrainment.

The analyses of the air–water interfaces did not only provide information about the number
of entrained air bubbles, but also about the air bubble and water droplet chord sizes (Fig. 7).
The chord sizes did not represent the exact sizes of the particles, but were a characteristic
indicator for the air–water interfaces. The probability analyses of the air–water interfaces
showed that most air bubble and water droplet chords had a lengths scale of about 1 to 3 mm
for all stepped spillways. All probability distribution functions of the chord sizes followed
log-normal correlations (Fig. 7). The comparison of the bubble and droplet chord sizes for
stepped spillways with different slopes might show an effect of the channel slope upon the
chord sizes. The recording of the air–water interfaces is affected by the probe tip diameter
and the comparison of the present stepped spillways with θ = 8.9◦ and θ = 26.6◦ was not
possible.

5 Re-oxygenation rate

The calculation of the aeration efficiency was based upon oxygen to allow a comparison with
direct dissolved oxygen measurements on stepped spillways by [2,3,29]. The significant
concentration of nitrogen in the atmosphere was neglected herein, but comparative analyses
showed little effect upon the aeration efficiency.
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Fig. 7 Probability distribution functions of air bubble and water droplet chord sizes on flat stepped spillway
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For all present experiments, the aeration efficiency was calculated based upon air–water
flow measurements. The aeration efficiency E(O2) was calculated with Eq. (5) and further
experimental data were reanalysed (Table 1). The present data are illustrated with colored
symbol in Fig. 8 in dimensionless terms per meter drop in invert elevation �zo as a function
of the dimensionless rate of energy dissipation �H/Hmax. In Fig. 8, further data are also
added as well as the dissolved oxygen (DO) measurements by [3,29].

All data were in relatively close agreement with slight variations linked with different
conductivity probe sensor sizes, different channel slope and stepped configurations. All data
showed amonotonic increase of aeration efficiencywith increasing rate of energy dissipation.
The relationshipwas best correlated by a power law for all data based upon conductivity probe
and dissolved oxygen measurements:
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Fig. 8 Aeration efficiency per meter drop in invert elevation E(O2)/�zo in terms of dissolved oxygen at
20◦ Celsius at the downstream end of the stepped chute; comparison of present data (coloured symbols) with
previous data with embankment dam slopes (3.4◦ ≤ θ ≤ 26.6◦); Comparison between dissolved oxygen (DO)
measurements, the integration of the mass transfer Eq. (6) and best fit correlation (Eq. (12)); Note the different
conductivity probe sensor sizes

E(O2)

�zo
= 0.495 ×

(
�H

Hmax

)6.48

R = 0.87 (12)

The present findings confirmed the results of [14] who linked the aeration rate of the flow
to the energy dissipation. The air–water flows were highly turbulent with strong interactions
between different regions of the flow including the cavity recirculations, the intermediate flow
region and the free-surface aeration. The present findings indicated that a large proportion of
the kinetic energy was dissipated in the flow region with strong air–water interactions within
the intermediate flow region (0.3 < C < 0.7). This flow region was characterised by large
numbers of entrained air bubbles, largest numbers of interface areas and strong turbulence
levels. The results highlight the important role of the intermediate flow region for the energy
dissipation and for the aeration efficiency.

The direct dissolved oxygen measurements by [3,29] are consistent with prototype dis-
solved oxygen measurements of stepped cascades [7]. Hence, the dissolved oxygen data are
reference values for the conductivity probe measurements. The present results show the pos-
sibility to use conductivity probe measurements for the quantification of the re-oxygenation
performance. Differences exist between the conductivity and the direct dissolved oxygen
measurements which might be linked with the conductivity sensor size limiting the size of
the minimum detectable air bubble chords, the interfacial area and hence the aeration effi-
ciency. Even though a close agreement was observed in terms of aeration efficiencies for
the conductivity probe data independently of channel slope (3.4◦ ≤ θ ≤ 26.6◦), some data
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scatter existed (Fig. 8). Small differences in both aeration efficiency and energy dissipation
rate were observed for the different stepped configurations of the present study which was
linked with variations in flow patterns and air–water flow properties between flat and pooled
stepped configurations [13,17]. Overall, the present results confirm the strong re-oxygenation
rates on stepped spillways.

6 Conclusion

Stepped spillway flows are strongly aerated downstream of the inception point of free-surface
aeration and a complex mixture of air–water interfaces exists. The number of air bubbles per
unit time and the specific interfacial area increase along the stepped chute without reaching
uniform equilibrium conditions. The aeration is significant for re-oxygenation applications
and the identification of an optimum stepped spillway design for typical embankment dam
slopes (3.4◦ ≤ θ ≤ 26.6◦) is relevant in terms of aeration and air–water mass transfer.
Herein air–water flow experiments were conducted on several stepped spillway models with
θ = 8.9o and 26.6◦. The aeration, energy dissipation and re-oxygenation efficiencies were
calculated based upon detailed phase-detection probe measurements. The present data were
comparedwith previous stepped spillway studies comprising both phase-detection probe data
and direct dissolved oxygen measurements.

The results highlighted the strong energy dissipation performances for all stepped chutes
linked with the air–water interfaces. The significant flow aeration was shown by the depth
averaged air concentration at the downstream end of the chutes which was significantly
larger for slopes 3.4◦ ≤ θ ≤ 21.8◦ compared to smooth spillway data and equilibrium air
concentrations for smooth chutes, but lower for θ = 26.6◦. The maximum bubble count rate
in a cross-section increased with increasing channel slope reaching a maximum for the slope
with θ = 21.8◦. Within the range of embankment dam sloped chutes (3.4◦ ≤ θ ≤ 26.6◦)
and for skimming flow discharges, a stepped chute slope of θ = 21.8◦ appeared optimum
for aeration performances. The re-oxygenation rate was calculated based upon conductivity
probe data highlighting significant flow aeration independently of channel slope, stepped
chute configuration and conductivity sensor size. The present data were compared with re-
analysed phase-detection probe data and direct dissolved oxygen measurements on stepped
chutes. All data were in good agreement, showing a parabolic increase of aeration efficiency
per unit drop in elevationwith increasing energy dissipation rate. The findings highlighted the
relevance of the intermediate flow region (0.3 < C < 0.7) for both re-aeration performance
and energy dissipation.
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