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ABSTRACT 

Highly turbulent free-surface flows are often characterized by air entrainment, resulting in considerable flow 
bulking and a modulation of energy dissipation. An understanding of air-water flows remains constrained by 
instrumentation limitations, scale effects and few analytical developments. Whereas past attempts have 
addressed air-water flow research from a deterministic point of view, this work expands recent studies by 
developing a three-dimensional stochastic model for the simulation of bubble kinematics. The model is based 
on mean and turbulent velocity properties of turbulent boundary layers, being of interest for the study of aerated 
free-surface flows and the validation of measurement instrumentation. A verification of the code is presented, 
accompanied by a discussion of limitations and future research opportunities. 
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1 INTRODUCTION 
Air bubble entrainment oftentimes occurs in highly turbulent free-surface flows, as those in hydraulic 

structures and environmental flows. Well-known examples are spillways (Wood 1984, Chanson 1994, Boes and 
Hager 2003, Bung 2011), hydraulic jumps (Chanson and Brattberg 2000, Murzyn et al. 2005, Wang et al. 2015) 
and coastal waves (Deane and Stokes 2002). Since the early work of Straub and Anderson (1958), the majority 
of air-water flow research has been conducted using physical models, involving deterministic approaches and 
experimental data (Chanson 1996, Wei et al. 2016, Valero and Bung 2016, Kramer et al. 2018, Valero and Bung 
2018).  

Figure 1. Air-water flows in human-made and natural environments. Left: steady jump in Eisbach, Munich, 
Germany (October 2018); right: waterfall in Cañete, Spain (March 2018). 
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 Several seminal questions are yet to be addressed, e.g.: how accurate are experimental techniques in 
detecting interfacial velocities? In contrast to single-phase flows, analytical derivations are scarce and there is 
limited data for comparison across experimental techniques. Recently, Bung and Valero (2017) and Kramer et 
al. (2019b) used stochastic signals to explore limitations of experimental techniques in aerated flows. The basic 
idea involves the simulation of the motion of particles (droplets or bubbles) with realistic velocity fields. The 
position of these particles is updated every time step, allowing to evaluate the response of flow measurement 
instrumentation. Bung and Valero (2017) generated moving particles of different sizes over a black background, 
aiming to simulate high-speed camera images. The synthetic images also included light effects and were used 
to assess the performance of image-based velocimetry methods such as Optical Flow. A direct quantification of 
the measurement error was possible as the “true” velocities of the particles were known. Similarly, Kramer et 
al. (2019b) generated velocity signals in one dimension, which were applied to synthetic particles following a 
certain size distribution. The response of a dual-tip phase-detection probe was simulated by generating “virtual” 
time series for each tip, and the measurement uncertainty of a novel signal processing technique (adaptive 
window cross-correlation, AWCC) was evaluated. The AWCC technique allows the estimation of pseudo-
instantaneous velocities and the comparison of measured velocities with “true” velocities confirmed capabilities 
to estimate direct turbulent quantities in highly aerated flows. 

 In addition to instrumentation limitations, air-water flows may be subjected to scale effects (Chanson 2009, 
Felder and Chanson 2017) and a vacuum of large-scale measurements has resulted in a lack of fundamental 
understanding. Large uncertainties are also associated to numerical methods in the field of aerated flows 
(Bombardelli 2012, Valero and Bung 2015, Valero and García-Bartual 2016, Castro et al. 2016). Overall, the 
understanding of air-water flows lags behind that of single-phase flows (Chanson 2013). The development of 
stochastic tools for the study of bubble kinematics aims to advance the current knowledge and provides a basis 
for more complex physics modelling. It further allows the testing of theories and simulation results can be 
compared to experimental data, shedding possibly some light on the turbulent flow structure and phenomena 
such as turbulence modulation.   

 In this study, the stochastic model developed by Bung and Valero (2017) and Kramer et al. (2019b) is 
expanded to three-dimensions. Given the lack of knowledge on turbulence properties in highly aerated flows, 
turbulence statistics are modelled based upon semi-analytical solutions for the single-phase turbulent boundary 
layer flow on a spillway. The equations of the stochastic bubble generator including boundary layer equations 
are detailed in Sections 2 and 3. Section 4 presents the verification of the implementation in bubbly flows and 
the limitations of the approach are discussed in Section 5.  

2 STOCHASTIC BUBBLE GENERATOR (SBG) 

Let 𝑥𝑖 be the space coordinate (with 𝑖 = 𝑥, 𝑦, 𝑧) and 𝑡 the time coordinate. The displacement of a bubble will 
be given by: 

d𝑥𝑖

d𝑡
≡ 𝑈𝑖(𝑡, 𝑥𝑖) 

[1] 

being 𝑈𝑖 the instantaneous velocity, that can be decomposed into its mean 𝒰𝑖 and fluctuating 𝑢𝑖 components 
as: 

𝑈𝑖(𝑡, 𝑥𝑖) =  𝒰𝑖  (𝑥𝑖) + 𝑢𝑖(𝑡, 𝑥𝑖) [2] 

In the following, the dependence on the space coordinate 𝑥𝑖 is dropped for the sake of simplicity. The mean 
component has been widely reported in literature for different types of flows. Oftentimes, analytical solutions for 
basic shear flows are available. However, the analysis of fluctuating components is more complicated and their 
description is mainly derived from physical modelling. Following Eq. [2], the mean value of 𝑢 is null by definition 
and it is common to find relationships based on its mean squared value. 

For the sake of simulating the kinematics of bubbles subject to a turbulent velocity field, the velocity 
fluctuation will be modelled as a Brownian motion following the Langevin equation (Langevin 1908, Pope 2000): 

d𝑢𝑖(𝑡) =  −𝑢𝑖(𝑡)
d𝑡

𝑇𝑖

+ (
2𝜎𝑖

2

𝑇𝑖

)

1
2

d𝑊(𝑡) 

[3] 

where 𝜎𝑖 is the scale of the velocity fluctuation and 𝑇𝑖 is the characteristic time scale of the stochastic process, 
defined by the velocity autocorrelation function 𝜌𝑖(𝑠) = exp(−𝑠/𝑇𝑖):
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𝑇𝑖 = ∫ 𝜌𝑖(𝑠) d𝑠
∞

0

[4] 

and 𝑊 represents a Wiener process. Eq. [3] is a stochastic differential equation, which can be approximated 
through finite differences as (Pope 2000): 

𝑢𝑖(𝑡 + ∆𝑡) = 𝑢𝑖(𝑡) − 𝑢𝑖(𝑡)
∆𝑡

𝑇𝑖

+ (
2𝜎𝑖

2∆𝑡

𝑇𝑖

)

1
2

ξ(𝑡) 

[5] 

with ξ(𝑡) being a standardized Gaussian random variable. Eq. [3] (and [5]) is a diffusion equation, consistent 
with Kolmogorov (1941) for the inertial subrange. It is noteworthy that the first component on the RHS of Eq. [3] 
is an inertial term which tends to null the velocity fluctuation, proportionally to its magnitude value, whereas the 
second term corresponds to a random component. 

3 BOUNDARY LAYER FLOW 
Air-water mixtures can be found in different types of shear flows, including spillway flows, plunging jets and 

hydraulic jumps. Such types of flows are similar to the following single-phase flow cases: isotropic turbulence, 
boundary layer or free shear flows. Boundary layers occur in spillway flows. Downstream of the inception point, 
large quantities of air are entrained, and it can be expected to observe changes in turbulence quantities (Wood 
1984, Chanson 1996). Despite the change of flow properties due to bubbles, i.e. turbulence modulation 
(Balachandar and Eaton 2010), it might be reasonable to use a single-phase flow description as a case study. 
In order to use SBG to reproduce the bubbles dynamics, some estimate of 𝒰𝑖, 𝜎𝑖 and 𝑇𝑖 must be developed, 
based upon boundary layer flows herein. 

When a viscous fluid meets a solid surface, the no-slip condition leads to a velocity gradient, resulting on a 
boundary layer flow. It has been well-established that velocity profiles in spillway flows can be reproduced by 
the equation (Castro-Orgaz 2010): 

𝒰𝑥

𝑢∗

=
1

𝜅
ln (

𝑦

𝑘𝑠

) + 𝐵 +
1

𝜅
(1 + 6Π) (

𝑦

𝛿
)

2

−
1

𝜅
(1 + 4Π) (

𝑦

𝛿
)

3 [6] 

with 𝑢∗ = (𝜏0/𝜌)1/2 the shear velocity, 𝜏0 the wall shear, 𝜌 the fluid density, 𝜅 = 0.41 the von Kármán constant,
𝐵 = 8.5 for turbulent rough channel flow, Π = 0.2 the wake parameter for spillway flows (following Castro-Orgaz 
2010), 𝑘𝑠 the sand roughness coefficient and 𝛿 the boundary layer thickness. The wall shear can be related to 
the free stream velocity (𝑢𝑓𝑠) and the skin friction coefficient (𝐶𝑓) as:  

𝜏0 =
1

2
𝜌𝐶𝑓𝑢𝑓𝑠

2 [7] 

Castro-Orgaz (2010) provided an expression for the skin friction coefficient in spillway flows: 

𝐶𝑓
−1/2 = 3.967 log (

𝛿

𝑘𝑠

) + 6.7 
[8] 

with common 𝑘𝑠 values in the order of 1 to 1.5 mm for smooth concrete spillways. The shear velocity is related 
to the skin friction coefficient as follows: 

𝑢∗ = 𝑢𝑓𝑠√
𝐶𝑓

2

[9] 

Velocity fluctuations are generated due to the shearing at the wall surface and are expected to scale with 𝑢∗. 
The semi-empirical expression proposed by Nezu (1977) can be used to estimate the scale of the streamwise, 
vertical and spanwise velocity fluctuations 𝜎𝑥, 𝜎𝑦, and 𝜎𝑧, respectively, in the range 

0.10 < 𝑦/𝛿 < 1: 

𝜎𝑖

𝑢∗

= 𝐷𝑖 exp (−𝐾𝑖

𝑦

𝛿
) [10]
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being 𝐷𝑖 and 𝐾𝑖 model coefficients. Valero (2018) conducted a literature review, proposing coefficients 𝐷𝑖 and 
𝐾𝑖 based on the experimental data of Cameron et al. (2017) [Table 1 and Fig. 2].  

Table 1. Model coefficients for equation [10] based on the experimental data of Cameron et al. (2017), 
following a fit of Valero (2018). R2 is the coefficient of determination 

STREAMWISE NORMALWISE SPANWISE 

𝐷𝑥 𝐾𝑥 𝐷𝑦 𝐾𝑦 𝐷𝑧 𝐾𝑧 

BEST FIT 2.22 0.84 1.11 0.66 1.35 0.69 
MINIMUM 2.18 0.80 1.06 0.58 1.33 0.65 
MAXIMUM 2.26 0.88 1.15 0.75 1.38 0.73 

R2 0.983 0.978 0.898 

The computation of velocity time series with Langevin equation (Eq. [5]) is based on integral time scales of 
the flow, which were estimated as 𝑇𝑖 ≈ 𝐿𝑖/𝒰𝑖 . It is proposed that the length scale for the streamwise direction 
𝐿𝑥 is proportional to the free path to the wall: 

𝐿𝑥 = 𝐾𝐿  𝑦 [11] 

According to Pope (2000) and Tennekes and Lumley (1972), the transverse length scales 𝐿𝑦 =  𝐿𝑧 = 0.5 𝐿𝑥. 

In order to satisfy the experimental observations of Johnson and Cowen (2016) at the free surface level, 𝐾𝐿 ≈ 1. 
These integral length scales may be understood as a measure of the average eddy size, although a wide range 
of eddies are present in the flow. 

4 VERIFICATION 

The Stochastic Bubble Generator (SBG) equations were implemented in MATLAB. To verify the 
implementation of the basic equations, a given number of particles were randomly generated inside a control 
volume of extension 𝛿3 and equal sides. The lower 10 percent of the boundary layer thickness was initially 
empty, as Eq. [10] is not valid in the region next to the wall (see Figure 2). Nonetheless, some particles may 
enter that region due to unrestricted turbulent fluctuations. The boundaries of the control volume were 
implemented as a continuative condition, where bubbles passing the positive (negative) limit were automatically 
spawned at the opposed negative (positive) limit. Initially, the velocity of the particles followed the mean velocity 
(Eq. [6]). The particle sizes and distribution represented monodisperse bubbles with uniform air concentration, 
used to test the implementation of the SBG equations and to verify the bubble kinematics. 

Several combinations of 𝑢𝑓𝑠, 𝛿, and 𝑘𝑠 were tested as part of the verification. An example of generated 

bubbles and the control volume is presented in Figure 3. Turbulence statistics of the stochastic particles are 
presented in Figure 4 for one of the test cases. It must be noted that some diffusion is present in Figure 4 as 
the turbulence statistics are computed for the final position of the particles. However, the particles were travelling 
across the vertical direction, being affected by turbulence levels at other layers of the flow. Mean velocity profiles 
were also satisfactorily reproduced. 
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Figure 2. Scale of the velocity fluctuations from experimental data and Eq. [10] (Nezu 1977), together with 
coefficients of Table 1 for: a) streamwise, b) normalwise and c) spanwise velocity fluctuations. Data of Nezu 

and Rodi (1986) included for comparison. Figure adapted from Valero (2018). 
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Figure 3. A thousand bubbles of 5 mm diameter generated inside the boundary layer flow (𝛿 = 0.15 m). Color 

scale for the velocity magnitude |𝑈| =  √𝑈𝑥
2 + 𝑈𝑦

2 + 𝑈𝑧
2 . Mean air concentration of roughly 2 %.

Figure 4. Turbulence quantities of the stochastic bubbles after 10 s of simulation for 100 bubbles of diameter 
5 mm, integration with time step 1 ms. Free stream velocity 𝑢𝑓𝑠 = 3.3 m/s, boundary layer thickness 𝛿 = 0.15 

m, and sand roughness coefficient 𝑘𝑠 = 1.5 mm. 

5 LIMITATIONS 

The implemented stochastic bubble generator (SBG) adds new functionalities, when compared to the 
original works of Bung and Valero (2017) and Kramer et al. (2019b). Yet the SBG contains a number of 
limitations, including: 

1. Homogeneous air concentration. Semi-theoretical air concentration profiles such as those of Wood
(1984), Chanson (1996) or Chanson and Toombes (2002) could yield improved stochastic modelling.
This would require a more sophisticated positioning of the bubbles, and incorporation of buoyancy to
keep the profile steady.

2. Every bubble moves independently of the others, i.e. not inside the same coherent structure but as
independent eddies of the size of the bubble.

3. The air-water flow structure consists of a dispersed phase, no mixture of bubbles and droplets nor other
complex air-water structures (e.g. Felder and Chanson, 2016). Inclusion of an entrapped air
concentration profile, such as observed in Valero and Bung (2016), and three-dimensional observations
of the upper layer of the flow (Kramer et al. 2019a) may help distinguishing the zone where either
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bubbles or droplets should be generated. Apart from that, more knowledge from experimental works is 
necessary to solve this issue. 

4. A constant bubble size is assumed. The assumption is untrue as shown by the available literature
(Chanson and Toombes 2002, Kramer et al. 2019b).

5. Velocity fluctuations are uncorrelated, which means that no turbulent shear stresses are included. This
issue can be addressed by linking part of the bubble velocity variability in 𝑦 to the variability of 𝑥, thus
having a non-zero correlation.

6. No wall nor free surface effects are incorporated in this model. Bubbles can trespass the free surface
or the wall, being simply placed in the opposed contour. No blockage effect, no-slip condition or
entrainment/detrainment of bubbles is considered.

7. No bubble-bubble interaction. Bubbles approach other bubbles without modifying their trajectories
(clustering) nor producing coalescence.

6 CONCLUSION AND FUTURE RESEARCH 
In this study, a stochastic bubble generator (SBG) has been expanded to three-dimensional turbulent 

boundary layer flows. The well-accepted formulation for the non-aerated region (Castro-Orgaz 2010) has been 
applied to the aerated region. Since relatively little is known about direct estimations of turbulence quantities in 
air-water flows, the data of Cameron et al. (2017) on turbulent boundary layers were used. The SBG code was 
verified in Section 4, and limitations were discussed in Section 5. 

Stochastic tools have been used in underground transport modelling, contaminant transport and general 
hydraulics. Up to now, little efforts have been made to explore its capabilities for air-water flow research. The 
use of moving bubbles with perfectly known positions and velocities may allow to approach relevant open 
research questions, for example: 

1. Measurement accuracy of phase-detection probes (Kramer et al. 2019b) and other experimental
methodologies (Bung and Valero 2017)

a. Phase-detection probes: to determine the measurement accuracy, a virtual probe is placed
inside the control volume and the interaction of the probe-tips with bubbles is simulated. This
may allow studying the uncertainty of experimental data for different flow conditions and will
help to optimize the design of phase-detection probes.

b. Optical methods: image-based velocimetry can be tested but imaging effects (such as
shadows, lights and erroneous pixels) must be incorporated (Bung and Valero 2017). This is
challenging as light reflection and refraction at the air-water interphase behave non-linearly.

2. Fundamental insights. Since experimental datasets on bubble chords, clustering and interparticle arrival
times are available (Chanson 2013), similar data can be extracted from the stochastic bubbles and
fundamental physics can be added to reproduce the empirical data. This may allow testing different
hypotheses on the air-water flow fluid mechanics.
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