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ABSTRACT
Self-aeration has important civil and environmental applications in stepped chutes, ranging from cavitation
protection to enhanced air-water mass transfer. Air bubble entrainment occurs when the turbulent stresses in the
boundary layer exceed the combined effects of surface tension and buoyancy. The governing equations for air
diffusion in the rapidly-varied region next to and in the gradually-varied region away from the inception point of
aeration are introduced. New and existing solutions to these equations are discussed and compared with new
experimental data. An analytical model for flow bulking is introduced. The concept of negative diffusivity is
discussed.
Keywords: Free-surface aeration, stepped spillways, inception point, rapidly varied flow, physical modelling,
turbulent mixing.

1. INTRODUCTION
Self-aeration on stepped chutes occurs once the turbulent stresses in the turbulent boundary layer exceed the
combined effects of surface tension and buoyancy (Rao and Rajaratnam 1961, Ervine and Falvey 1987, Chanson
1993, 2008). This location is known as the inception point of free-surface aeration (Wood et al. 1983, Chanson
1994), where the depth averaged void fraction is about 0.2 (Matos 2000). The flow undergoes some rapid bulking
immediately downstream of the inception point, after which some de-aeration might occur (Matos 1999). On a
relatively long chute, the flow eventually becomes gradually-varied and tends to a pseudo-equilibrium.
This paper presents a comprehensive analysis of the air diffusion process downstream of the inception point. A new
model is proposed to describe flow bulking in the rapidly varied flow region and is compared with experimental
results. The concept of negative diffusivity is introduced and is shown to be linked with flow de-aeration.

2. EXPERIMENTAL FACILITY AND INSTRUMENTATION
New experiments were conducted in a large-size stepped spillway model (1V:1H) at the University of Queensland
(UQ). The chute consisted of 12 steps made of smooth painted marine ply, each step being 0.1 m long, 0.1 m high,
and 0.985 m wide. The chute inflow was controlled by a 1.2 m high broad crested weir with a crest size of 0.6 m ×
0.985 m (length × width). The weir crest was rounded at both upstream (0.058 m radius) and downstream (0.012 m
radius) edges to ensure a smooth inflow. The experimental facility is sketched in Figure 1. Air-water measurements
were conducted with a dual-tip phase detection probe at and between step edges downstream of the inception point.
Each tip consisted of an inner and an outer electrode respectively made of silver (0.25 mm diameter) and stainless
steel (0.8 mm diameter). Data were sampled at 20 kHz per sensor for 45 s. The probe was mounted along the
channel centerline with vertical adjustment controlled by a Mitutoyo ™ digital scale with an accuracy of ±0.01 mm.
Detailed air-water flow measurements were performed in the mainstream flow above the pseudo-bottom at every
step edge downstream of the inception point. Additional measurements were performed between step edges in the
mainstream flow and inside the step cavities. The mainstream and cavity air-water flow measurements were
respectively performed with the probe sensor aligned parallel to the pseudo-bottom and to the horizontal step face,
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as sketched in Figure 2. All measurements were conducted on the channel centerline. The experimental flow
conditions focused on skimming flows corresponding to Reynolds numbers between 3.4 × 10 5 – 8.8 × 105 and are
summarized in Table 1.
Table 1. Summary of experimental flow conditions
dc/h
0.9

Q (m3/s)
0.083

1.1

0.112

1.3

0.145

1.5

0.179

1.7

0.216

Location
step edges 5-12
step cavities: 7-8, 8-9
step edges: 5-12
step cavities: 7-8, 8-9
step edges: 7-12
step cavities: 7-8, 8-9
step edges: 7-12
step cavities: 10-11, 11-12
step edges: 9-12
10

0

30

Inception Point
step edge 5

Re
3.3 × 105

step edge 5

4.6 × 105

step edge 7

5.9 × 105

step edge 7

7.3 × 105

step edge 9

8.8 × 105

90 cm

Downstream rounding
0.012 m radius

Lcrest = 0.6 m
Upstream rounding
0.058 m radius

h = 0.1 m

Step edge 1

Hdam = 1.2 m

Inception point
x = xi
l = 0.1 m

Outer edge of
boundary layer

Tail race channel

45

Figure 1. Sketch of the experimental facility.

Flow direction
xs
Pseudo-bottom

Lcav

Figure 2. Probe alignment during air-water flow measurements
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3. VOID FRACTION DISTRIBUTIONS
On a stepped chute, air is entrained because of interactions between the boundary layer outer edge and the freesurface (Rao and Rajaratnam 1961, Ervine and Falvey 1987, Chanson 1993, 2008). Figure 3 shows typical void
fraction distributions at step edges for four dimensionless discharges (dc/h = 0.9, 1.1, 1.3, 1.5), where y is the normal
distance from the pseudo-bottom (y = 0), dc is the critical depth, C is the time-averaged void fraction, x is the
streamwise coordinate measured from the first step edge (Figure 1), xi is the streamwise coordinate of the inception
point, and Lcav is the step cavity length. All data followed an inverted S-shape distribution typically observed in
skimming flows on stepped chutes with a variety of configurations (Chanson and Toombes 2002, Gonzalez and
Chanson 2008, Bung 2009, Felder and Chanson 2011). The void fraction gradient (∂C/∂y) was maximum at about C
≈ 0.5, indicating the largest level of air flux at that location (assuming that the gradient-diffusion hypothesis is
valid). The void fraction profiles exhibited rapid longitudinal variations over the first 2-3 step edges downstream of
the inception point as a result of flow bulking. Considering a control volume (CV) travelling downstream at a
uniform velocity and neglecting any wall and buoyancy effects, its void fraction distribution is described by the 1-D
diffusion equation:

C
t

2

 Dt

C
y

(1)

2

where C is the void fraction, y is the normal distance from the pseudo-bottom (y = 0), and Dt is a turbulent
diffusivity assumed to be independent of y. Assuming Dt = Dt(t) so that the diffusivity is dependent of time,
Equation (1) may be solved using the Laplace transform method with the following boundary condition:
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where Y50 is the depth where C = 0.5. The solution is
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where erfc is the complementary error function, V a is the average streamwise velocity of the CV between x and xi,
1 t T
x  xi
and Da   Dt dt (with T 
) is a time-averaged diffusivity. Note that for a steady and uniform flow with
0
T
Va
homogeneous turbulence, Da = Dt. This solution is similar in form to that of a water jet discharging into the
atmosphere (Chanson 1997, Brattberg et al. 1998). In Figure 3, Equation (3) is compared to the experimental data
immediately downstream of the inception point (red curve). A good agreement was observed. It is noted that
Equation (3) is unsuitable in regions where buoyancy or wall effects are important, particularly far downstream of
the inception point of free-surface aeration.
Far downstream of the inception point, the flow became gradually varied, the void fraction profiles showed some
self-similarity, and the effects of buoyancy must be accounted for. In this region, the conservation equation of air
may be simplified into (Chanson 1995, 1997):
0

 C

 u r , hyd C 1  C cos θ 
 Dt
y 
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(4)

where ur,hyd is the bubble rise velocity in clear water with a hydrostatic pressure gradient and θ is the chute slope.
Present data measured at the last step edge (step edge 12) were compared to a solution of Equation (4) obtained by
Chanson and Toombes (2002):
2

y / Y90  y / Y90  1 / 3 
C  1  tanh  K 


2 D0
3D0


2

(5)

where Y90 is the depth where C = 0.9, K is an integration constant, and D0 is a function of the depth-averaged void
1 Y
fraction Cmean 
 Cdy . Equation (5) generally compares well with the present data, despite some underY90 0
estimation for y/dc < 0.2 – 0.3. This might be a result of vortical structures trapping bubbles in their centers and,
hence, producing a local concentration of air-bubbles.
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Figure 3. Void fraction distributions above step edges – Flow conditions: θ = 45°, h = 0.10 m
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Figure 4 shows the void fraction contours between step edges 7 and 9 for two skimming flow conditions (dc/h = 0.9,
1.3), where xs is the streamwise offset from step edge 8, and black symbols indicate measurement locations. For both
discharges, the void fraction increased along the step cavity up to about 70% cavity length, then decreased towards
the next step edge. This pattern might be a result of advective transport due to flow expansion and contraction over a
step cavity. The recirculating cavity fluid trapped bubbles at its centre due to difference in air and water densities
and is seen from the void fraction maxima found next to the cavity centres (Figure 4). This is especially evident for
the larger discharge (Figure 4B).

(A)

(B)
Figure 4. Void fraction contours between step edges 7 – 9 – Flow conditions: (A) dc/h = 0.9, Re = 3.4×105; (B) dc/h
= 1.3, Re = 5.9×105; θ = 45°, h = 0.10 m – Step faces: solid black lines
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4. BUBBLE COUNT RATE DISTRIBUTIONS
In stepped chute flows, the bubble count rate F is defined as half the number of air-water interfaces detected by the
probe sensor per second and is proportional to the specific interfacial area (Chanson 2002). The dimensionless
bubble count rate distributions at each step edge downstream of the inception point are plotted in Figure 5, where F
is the bubble count rate and Vc is the critical velocity. All data approximately followed a bell-shape, with the largest
bubble count rate observed at about y/dc = 0.3 – 0.4 corresponding to a void fraction of about 0.5. This observation
was consistent with several past studies (Chanson and Toombes 2002, Yasuda and Chanson 2003, Gonzalez and
Chanson 2008). It may be reasoned that the bubble count rate should be proportional to the variance of the
corresponding binary void fraction signal, which equals C(1-C) and has a maximum at C = 0.5 (Chanson and Carosi
2007). Toombes (2002) demonstrated that the relationship between void fraction and bubble count rate may be
approximated by:
F
Fmax

(6)

 4C (1  C )

where Fmax is the maximum bubble count rate at a cross-section. Equation (6) is compared to the present data in
Figure 6, where the experimental data for y < Y50 and y ≥ Y50 are shown in separate colors. Equation (6) was found to
agree reasonably well with the present data for y ≥ Y50, but it differed significantly from those for y < Y50. The nonlinearly observed for y < Y50 were likely induced by coherent fluctuations generated by the step edge, which implied
that successive detections of air-water elements could not be assumed a random process. Away from the pseudobottom (i.e. y ≥ Y50), the effects of coherent structures became negligible and the assumptions for Equation (6) (see
Toombes 2002) were more plausible. It is noted that these effects may be taken into account by a more advanced
model proposed by Toombes and Chanson (2008).
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Figure 5. Bubble count rate distributions above step edges – Flow conditions: θ = 45°, h = 0.10 m
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Figure 6. Relationship between void fraction and bubble count rate in skimming flows – Flow conditions: dc/h =
0.9, 1.1, 1.3, 1.5, 1.7, θ = 45°, h = 0.10 m

5. SELF-AERATION IN THE RAPIDLY-VARIED FLOW REGION
Immediately downstream of the inception point of aeration, turbulent transport is dominant over advective transport
by the mean-flow and buoyancy. The new solution (Equation (3)) provides a satisfactory description of the diffusion
process in this region. The flow depth variation in this region is a function of the depth averaged void fraction Cmean,
which may be derived by integrating Equation (3) from 0 to Y90. The lower limit of the integral may be replaced by
–Y90 using the method of images to account for any wall effects. The integration result yields:
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1.82

D a (x  x i )
Va

Cmean 
Y50  1.82

(7)

D a (x  x i )
Va

Figure 7 compares Equation (7) to the streamwise distributions of Cmean, where Da and Y50 were derived from
measured void fraction data. The agreement between Equation (7) and present data was generally good, including
far downstream of the inception point (i.e. in the gradually-varied flow region). For the present data, the empirically
determined apparent diffusivity Da was best correlated with

Da
3

gd c

 0.027e

0.276

x  xi
Lcav

(R = 0.876) (8)

where R is the normalised correlation coefficient. The dimensionless form of Equation (8) (valid at step edges)
suggested that it might be used in conjunction with Equation (7) in prototype applications when diffusivity data is
not readily available. A further simplification may be made by letting Y50 = di where di is the flow depth at the
inception point (i.e. assuming the streamwise acceleration due to gravity is small). The simplification provides a
practical means of estimating the flow bulking height in prototype structures.
A detailed examination of Figure 7 shows that Cmean typically increased rapidly immediately downstream of the
inception point and reached a local maximum at about 2-4 cavity lengths downstream of the inception point of freesurface aeration, followed by a more gradual decrease. This de-aeration process was also observed by other authors
(e.g. Matos 2000). It might occur when too much air was entrained initially. The turbulent diffusivity Dt may be
derived by differentiating Equation (8):
x  xi


x  xi  0.276 L
 0.027  1  0.276
e
3
Lcav 
gd c


Dt

cav

(9)

Equation (9) is plotted in Figure 8. It is seen that, for the present data, the turbulent diffusivity increased to
approximately 3.5 step lengths downstream of the inception point before becoming negative further downstream.
Such a negative diffusivity implies a process of de-aeration, and its relation to Cmean becomes clear when Equation
(1) is integrated from –Y90 to Y90 (with the use of the method of images):

d
dt

Cmean 

Dt  C


C



y y  Y 
Y90  y y Y
90

(10)

90

In skimming flows, the bracketed term can be shown to be positive by differentiating Equation (3) with respect to y
(as long as the void fraction distribution is adequately described by Equation (3)). Thus, the total rate of change of
the depth-averaged void fraction (dCmean/dt) has the same sign as the diffusivity. Note that the present discussion is
limited to a 1-D model neglecting any buoyancy effect. For completeness, some fragmented flow may experience a
negative bracketed term: e.g., immediately downstream of a drop (Toombes and Chanson 2008).
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6. CONCLUSION
On a stepped chute, self-aeration occurs when the turbulent boundary layer outer edge interacts with the free surface.
A rapidly-varied flow region follows immediately downstream of the inception point of aeration. New void fraction
distributions in this region were compared successfully to a newly proposed solution to the 1-D diffusion equation.
Further downstream, the flow becomes gradually varied, and the experimental data were approximated closely by an
existing solution of the steady state 1-D advection diffusion equation. Between step edges, the void fraction
distributions showed variations consistent with flow expansion and contraction. The bubble count rate scaled with
the void fraction signal variance, although their relationship was biased close to the wall under the influence of
coherent motions. A simple model was proposed to describe the flow bulking in the rapidly-varied flow region and
showed good agreement with the experimental data. It was found that flow bulking stopped at approximately 3.5
cavity lengths downstream of the inception point. The concept of negative diffusivity was introduced and was shown
to be associated with flow de-aeration.
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