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Part II - Hydraulic design of embankment overflow stepped spillways 

 

7. Embankment overflow stepped spillways 

Flood protection of an embankment dam is usually achieved by combining a side spillway of relatively 

large capacity with a reservoir storage "buffer" (i.e. empty volume) for flood attenuation. In recent 

years, the design floods of a number of dams were re-evaluated and the revised flows were often larger 

than those used for the original designs. In many cases, occurrence of the revised design floods would 

result in dam overtopping because of the insufficient storage and spillway capacity of the existing 

reservoir. Embankment overtopping is not acceptable because the rushing waters would scour the 

embankment slope leading to the rapid and total failure of the embankment. 

Some overflow systems were developed in Australia : e.g., flow through rockfill embankment (e.g. 

OLIVIER 1967), the minimum energy loss weir design (e.g. Chinchilla weir, TURNBULL and 

McKAY 1974), the concrete slab chute system at Crotty rockfill dam (Tasmania). Although technically 

successful, these designs are not often economical. Recently new flood protection systems were 

introduced, allowing controlled embankment overtopping over a reinforced downstream stepped slope. 

Basic reinforcement techniques include concrete overtopping protection, precast concrete blocks, timber 

cribs, sheet-piles, riprap and gabions, and reinforced earth. 

 

Concrete overtopping protection 

Concrete overtopping protection allows an increase of spillway capacity. In North-America, a number 

of dam overtopping rehabilitations were conducted primarily on embankment structures with dam 

heights ranging from 4.6 to 33.5 m. It is believed that the first ones were the Ocoee No. 2 timber crib 

dam in 1980 and the Brownwood Country Club earth dam in 1984. Various construction techniques 

were used. Current trends favour the use of roller compacted concrete (RCC) (7) (Fig. 7-1). 

                                                   

7RCC dam rehabilitation accounted for nearly two-thirds of the RCC dam construction in USA in the 

1990s. 
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Fig. 7-1 - Concrete overflow protection system for embankments 
(A) Sketch of an overflow protection system with roller compacted concrete 
 

 

 
(B) Construction of a RCC spillway for detention basin West of Las Vegas, designed by the US Corps 
of Engineers 
 

 

 

Roller compacted concrete is placed in a succession of overlays of 0.2 to 0.4-m thickness and with a 

width greater than 2.5 m for proper hauling, spreading and compacting. Exposed RCC is frequently 

used for secondary spillways with infrequent spills of less than 5 m2/s. Alternatively, a conventional 

concrete protection overlay may be applied after the RCC or at the completion of construction works to 
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protect the RCC. With both RCC and conventional concrete protection, a drainage system beneath the 

concrete layers is essential to prevent uplift. Its purpose is to relieve pore pressure at the interface 

between the embankment and RCC overlays. In some cases, the drainage installation may be replaced 

or supplemented with drain holes formed through the RCC during placement. At the downstream end a 

cutoff wall must be built to prevent undermining of the concrete layer during overtopping. 

 

Precast concrete steps 

Soviet engineers were among the first to propose a stepped concrete chute design on the downstream 

face of embankment dams under the leadership of P.I. GORDIENKO (CHANSON 1995a, 2001) (Fig. 

7-2). The choice of a stepped structure allows the use of individual blocks interlocked with the next 

elements and the design assists in the energy dissipation. The design concept was more recently tested in 

USA and UK, although it did not prove cost-effective there. An interesting feature of the concrete block 

system is the flexibility of the stepped channel bed allowing differential settlements of the embankment. 

 

Fig. 7-2 - Earth dam stepped spillway with precast concrete blocks : Sosnovsky farm dam (Russia, 

1980) (Courtesy of Prof. Y. PRAVDIVETS) - H = 11 m, design flow : 3.3 m2/s, α = 10º, W = 12 m, 

overlapping precast concrete blocks (1.5 m × 3 m × 0.16 m) 
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Fig. 7-3 - Earthfill embankment with a rockfill upstream protection and reinforced earth downstream 

slope construction : Jordan II, Gatton QLD (Australia, 1992) on 22 Feb. 1998 - H = 5.3 m, h = 1.4 m, 

α = 17.7º - View from downstream 
 

 

 

For an earth dam with overflow precast block stepped spillway, the most important criterion is the 

stability of the dam material. Seepage may occur in a saturated embankment and the resulting uplift 

pressures can damage or destroy the stepped channel and the dam : adequate drainage is essential. In a 

typical design, the blocks lay on a filter and erosion protection layer. The layer has the functions of 

filtering the seepage flow out of the subsoil and protecting the subsoil layer from erosion by flow in the 

drainage layer. The protection layer reduces or eliminates the uplift pressures acting on the concrete 

blocks. Usually a geotextile membrane is laid on the embankment before the placing of the layer, and 

another covers the protection layer before the installation of the blocks. 

There is a basic design rule for precast concrete block systems : a skimming flow in a straight prismatic 

chute. The step block system was developed for a skimming flow regime : i.e., maximum block stability 

can only be achieved in skimming flows (e.g. BAKER 2000). 

 

Alternatives for embankment stepped overflow 

Alternative overtopping protection systems include timber cribs, sheet-piles, riprap and gabions, and 

reinforced earth. Timber crib overflows were used as early as the 18th century in Russia and some 

recent structures are still in use in Australia (CHANSON 2001). A number of weirs were designed with 
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steel sheet-piles and concrete slabs in Russia and Australia. An experimental structure was built with a 

reinforced-earth stepped overflow (Fig. 7-3). Another alternative is an overflow system made with 

gabions and Reno mattresses (e.g. CHANSON 1995a). 

 

8. Hydraulic design of embankment overflow stepped spillways 

8.1 Presentation 

The design of embankment overflow stepped spillway is a critical issue. Any single failure of the 

spillway system can lead to a total dam failure. The professional community lacks basic design 

guidelines and current expertise is empirical. 

 

For the design of an embankment overflow stepped spillway, a number of specific key issues must be 

assessed accurately and this includes : 

[1] Stepped spillway operation and chute erosion 

The stepped chute is designed to dissipate safely some kinetic energy, without damage to the steps. The 

spillway flow conditions cannot be calculated as for conventional flat (smooth invert) chutes. 

[2] Embankment seepage 

Seepage takes place in the embankment for high reservoir water levels. Strong interactions may occur 

between the free-surface flow and seepage flow in the embankment, that could cause uplift pressures 

leading to the destruction of the spillway, hence of the dam. 

[3] Drainage beneath steps 

A drainage system beneath the concrete steps is essential to prevent build-up of uplift pressures. Its 

purpose is to relieve pore pressure at the interface between the embankment and concrete steps. (Two 

stepped block spillways failed in Russia because of inadequate drainage layer (CHANSON 2000b).) 

[4] Sidewalls (overtopping, scour) 

The chute and crest sidewalls must be designed to prevent any overtopping for all flow rates up to 

PMF. The design of chute sidewalls must take into account the flow bulking resulting from the free-

surface aeration. If splashing is acceptable, the training wall height may be sized to contain the 

characteristic air-water depth Y90 for all flow rates up to design flows. If the surroundings (e.g. 

embankment) are at risk of erosion, the sidewall height must be designed for 1.4*Y90. When the 
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developing spray can lead to fog or ice on surrounding roads or settlements, a greater safety margin 

must be considered. Note that the calculations of sidewall heights depend upon the type of flow regime 

(nappe, transition, skimming flow regimes). 

Further strong secondary currents exist at the connection between the steps and the abutment walls. 

These are associated with high risks of scour, and the connections steps/abutment must be reinforced 

adequately. 

[5] Sidewalls (chute convergence effects) 

When the overflow spillway extends across the entire dam crest (e.g. Melton dam, Australia), the 

topography of the valley induces a convergence of the overflow. While a slight chute convergence may 

not affect the overall flow patterns, a reduction in channel width causes a modification of the discharge 

per unit width qw and possibly a change in flow regime. Flow conditions at transition between flow 

regime could exhibit some instabilities leading to deflecting nappes and fluctuating hydrodynamic loads 

on the steps. 

In nappe and skimming flows, sidewall convergence may further cause free-surface instabilities, 

including shock waves, flow concentrations, secondary currents and sidewall splashing that may be 

unacceptable. 

[6] Downstream energy dissipation and scour 

At the downstream end of the stepped chute, further energy dissipation takes place beneath the 

hydraulic jump or in the plunge pool for high tailwater levels. Turbulent fluctuations (velocity and 

pressure) in the hydraulic jump and at the plunge point may cause damage to the chute toe and 

sidewalls. 

 

8.2 Discussion 

Secondary currents at the connection between steps and (smooth) abutment walls 

At the connection between the steps and the abutment walls (8), the differences in flow resistance 

between stepped invert and smooth concrete abutment generate transverse velocity gradient. Strong 

secondary currents associated with high shear forces develop and the risks of scour are high. 

                                                   

8This is especially important when the abutment is not a vertical concrete wall. 
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Major scour at abutments was observed during a number of flood events above overflow stepped weirs 

in Queensland : e.g., Whetstone weir (1953 overflow), Bonshaw weir (1956 failure) (CHANSON 

2000b). In a keynote lecture on stepped block spillways, Dr BAKER emphasised that a known 

construction weakness is the joint between the chute invert and the sidewalls (BAKER 2000). (At 

Brushes Clough stepped spillway (UK), two longitudinal concrete guides were built to facilitate the 

installation of the blocks and the connection with the stone-pitched sidewalls.) 

 

Chute convergence 

To date, nearly all bibliography on stepped chute hydraulics applies to prismatic rectangular channels. 

Literature on converging stepped chutes is rare, but for TALBOT et al. (1997). 

In nappe and skimming flows, sidewall convergence may cause shock waves propagating across the 

chute and impacting onto the opposite chute walls. At Gold Creek dam stepped spillway (Australia), 

significant flow disturbances and sidewall splashing caused by shock waves was observed during a 

1996 overflow (CHANSON and WHITMORE 1998). Shock waves cause further flow concentrations 

and induce three-dimensional instabilities that may not be acceptable (CHANSON 2001, chap. 9). 

 

Interactions between seepage and free-surface flows 

During overflows, seepage takes place in the embankment. It is influenced by the infiltration into the 

downstream slope caused by the spillway flow, in addition to the flow through the embankment itself. 

Appropriate provision for drainage and evacuation of seepage flow through the steps is required. Drains 

are usually installed on the vertical face of the steps (Fig. 7-2, 8-1). 

In skimming flows, the seepage that is drained into the step cavity may affect the cavity recirculation 

and in turn the turbulent dissipation process. It may lead to a reduction in flow resistance and an 

increase of the flow velocity at the downstream of the chute (i.e. at the plunge point, hydraulic jump or 

ski jump). 

Flow resistance in skimming flows is a form drag mechanism predominantly (RAJARATNAM 1990, 

CHANSON et al. 2000). With form drag, fluid injection in the separated region (i.e. the cavity) does 

reduce drastically the drag (e.g. WOOD 1964, NAUDASCHER and ROCKWELL 1994). Table 8-1 

summarises well-known studies, illustrated in Figure 8-2. A related case is the flow above a porous sill. 
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The writers hypothesise that a similar mechanism may exist in skimming flows above embankment 

stepped spillway. Note that this drag reduction mechanism differs and may add to drag reduction 

induced by free-surface aeration (see Paragraph 6.3). 

 

Fig. 8-1 - Interactions between seepage flow and cavity recirculation 

 

 

 

Figure 8-2 - Drag reduction behind bluff body associated with fluid injection 
(A) Sketch of WOOD's (1964) experiments 
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(B) Drag coefficient Cd on ventilated wings as a function of the dimensionless cavity length lcav/h 
which is a function (VERRON and MICHEL 1984) 
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Downstream energy dissipation in a plunge pool 

At the downstream end of the spillway, energy dissipation is usually achieved by (1) a high velocity 

water jet taking off from a flip bucket and impinging into a downstream plunge pool acting as a water 

cushion (e.g. Sosnovsky farm dam, Fig. 7-2), (2) a standard stilling basin downstream of the spillway 

where a hydraulic jump is created to dissipate a large amount of flow energy (e.g. U.S. Bureau of 

Reclamation designs), or (3) a plunge pool for high tailwater levels. In the latter case, the stability of 

the steps immediately beneath the plunge point (i.e. below tailwater level) is at risk (Fig. 8-3). Potential 

scour of the submerged steps is an issue that should be investigated in details with physical modelling. 

BAKER (2000) observed major damage to stepped block spillway sections submerged by a hydraulic 

jump and a plunge pool. He illustrated his keynote lecture with an audio-visual documentary. YASUDA 

and OHTSU (2000) investigated the characteristics in the plunge pool downstream of a stepped chute 

as a  function of the tailwater level. Although their results did not include efforts on the submerged 

steps, they observed some energy dissipation contribution from the submerged steps, suggesting some 

loads on the steps. The writers believe that this mode of failure is the worst for embankment overflow 

stepped spillways. 
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Table 8-1 - Drag reduction induced by fluid injection behind a bluff body 

 
Reference Flow situations Description 

(1) (2) (3) 
Fluid injection   
WOOD (1964) Air flow past aerofoil with base 

bleed. 
Drag reduction by fluid injection. 
Up to 60% drag reduction. 

ABDUL-KHADER and RAI 
(1980) 

Open channel flow past bridge 
piers (0.2 < Fr < 0.65). 

Drag reduction with slotted piers. 
Up to 50% drag reduction. 

SURYANARAYANA et al. 
(1993), SURYANARAYANA and 
PRABHU (2000) 

Wind flow past a sphere. Drag reduction by ventilation of 
the wake. Up to 60% drag 
reduction. 

Cavity ventilation   
MICHEL and ROWE (1974) Water flow past hydrofoil wings. 

Air ventilation. 
Drag reduction with air ventilation 
at downstream end. Up to 83% 
drag reduction. 

VERRON and MICHEL (1984) Water flow past hydrofoil wings 
(rectangular and trapezoidal). Air 
ventilation 

Drag reduction with air ventilation 
behind the wings. Up to 65% drag 
reduction. 

Porous bluff body   
COOK (1990) Wind flow past porous fences. Drag reduction with increasing 

porosity : Drag ∝ (1 - C2), C being 
the porosity. 

 

Fig. 8-3 - Flow patterns at the plunge point 
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9. Conclusion 

New experiments were conducted in a large-size stepped chute (1V:2.5H, h = 0.1 m, W = 1 m). Visual 

observations demonstrated three types of flow regimes : nappe flow, transition flow and skimming flow. 

The transition flow regime was observed for a relatively broad range of flow rates. It was characterised 

by a chaotic flow motion, strong splashing and very significant aeration. 

Detailed air-water flow measurements were conducted in both transition and skimming flows 

immediately downstream of the inception point of free-surface aeration. In skimming flows, a complete 

characterisation was developed for the distributions of void fraction, bubble count rate and velocity. 

Although the air concentration distribution has the same shape as smooth chute flows, a slightly 

different trend was consistently observed, associated with strong droplet ejections. Flow resistance data 

are consistent with re-analysed data obtained in large-size laboratory chutes (Fig. 6-2). The re-analysis 

of all data highlights three dominant values of Darcy friction factor that are hypothesised to be three 

different modes of excitation. Drag reduction caused free-surface aeration was observed (Eq. (6-4), Fig. 

6-5). It is believed to be caused by interactions between small entrained bubbles and developing mixing 

layers at each step edge. 

Transition flows exhibited significantly different air-water flow properties from those observed in 

skimming flows. For each experiment, a deflected nappe was observed occasionally (i.e. at one step). 

The deflected jet was highly aerated and the associated spray would overtop the 1.25 m high sidewall. 

Although the study was limited to one slope and for a short canal, the results highlighted the complexity 

of the free-surface aeration down stepped cascades. 

For ancient embankments and new earthfill dams, an overflow stepped spillway may be considered as a 

main flood release structure. A number of design alternatives exists : concrete protection layer, precast 

concrete blocks, timber cribs, gabions. The hydraulic design of such stepped spillways includes a 

number of specific aspects which must be taken into account, including seepage beneath the steps, 

interactions between seepage and free-surface flows, and downstream energy dissipation in plunge pool 

for high tailwater levels. Step stability below the plunge point is probably the worst loading scenario for 

high tailwater levels and it must be investigated with a physical model in absence of experimental data. 

It is believed that embankment overflow stepped spillways have a number of specific features that must 

be considered carefully, and that further experimental works is required to understand the interactions 



 

52 

between seepage and free-surface flows. 
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Appendix I - Summary of experimental results 

Tableau I-1 - Single-tip conductivity probe data (Series 1) 
 

Qw m3/s Location Y90
dc

 
Cmean (Fab)max*dc

Vc
 

Uw
Vc

 

(1) (2) (3) (4) (5) (6) 
Series 1      
0.1819 Step edge 6 0.44 0.15 4.30 2.64 
0.1819 Step edge 7 0.52 0.24 7.59 2.55 
0.1819 Step edge 8 0.51 0.28 13.38 2.71 
0.164 Step edge 6 0.45 0.16 5.24 2.64 
0.164 Step edge 7 0.55 0.31 9.79 2.62 
0.164 Step edge 8 0.53 0.29 15.45 2.66 
0.1467 Step edge 5 0.44 0.13 3.50 2.60 
0.1467 Step edge 6 0.49 0.24 8.68 2.69 
0.1467 Step edge 7 0.59 0.36 12.96 2.63 
0.1467 Step edge 8 0.59 0.34 16.98 2.56 
0.1301 Step edge 5 0.44 0.15 3.52 2.68 
0.1301 Step edge 6 0.52 0.27 9.48 2.64 
0.1301 Step edge 7 0.65 0.42 15.37 2.65 
0.1301 Step edge 8 0.60 0.35 18.39 2.56 
0.1237 Step edge 5 0.46 0.19 5.30 2.71 
0.1237 Step edge 6 0.54 0.32 13.21 2.74 
0.1237 Step edge 7 0.69 0.41 15.91 2.48 
0.1237 Step edge 8 0.61 0.36 18.57 2.58 
0.1142 Step edge 5 0.46 0.22 5.16 2.76 
0.1142 Step edge 6 0.56 0.36 13.07 2.79 
0.1142 Step edge 7 0.76 0.43 16.37 2.31 
0.1142 Step edge 8 0.63 0.36 19.43 2.47 
0.103 Step edge 4 0.44 0.14 2.85 2.67 
0.103 Step edge 5 0.54 0.28 7.34 2.56 
0.103 Step edge 6 0.68 0.46 14.33 2.70 
0.103 Step edge 7 0.76 0.48 15.29 2.51 
0.103 Step edge 8 0.57 0.34 18.63 2.65 
0.099 Step edge 4 0.43 0.13 2.87 2.64 
0.099 Step edge 5 0.56 0.33 8.52 2.66 
0.099 Step edge 6 0.75 0.52 13.77 2.77 
0.099 Step edge 7 0.63 0.35 16.97 2.46 
0.099 Step edge 8 0.62 0.43 18.69 2.80 
0.0845 Step edge 4 0.49 0.22 4.05 2.63 
0.0845 Step edge 5 0.76 0.53 10.04 2.81 
0.0845 Step edge 6 0.64 0.44 14.49 2.79 
0.0845 Step edge 7 0.69 0.46 15.10 2.68 
0.0845 Step edge 8 0.62 0.43 17.68 2.83 
0.0799 Step edge 4 0.55 0.30 4.59 2.60 
0.0799 Step edge 5 0.85 0.56 10.14 2.65 
0.0799 Step edge 6 0.67 0.39 13.61 2.45 
0.0799 Step edge 7 0.73 0.44 15.42 2.44 
0.0799 Step edge 8 0.65 0.40 16.99 2.53 
0.0708 Step edge 3 0.43 0.13 1.79 2.68 
0.0708 Step edge 4 0.55 0.38 5.67 2.92 
0.0708 Step edge 5 0.62 0.40 10.82 2.69 
0.0708 Step edge 6 1.07 (*) 0.68 (*) 11.31 2.94 
0.0708 Step edge 7 0.68 0.43 14.43 2.58 
0.0708 Step edge 8 0.89 0.57 15.46 2.59 
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0.0665 Step edge 3 0.44 0.15 1.81 2.63 
0.0665 Step edge 4 0.66 0.48 4.65 2.89 
0.0665 Step edge 5 0.69 0.43 10.19 2.55 
0.0665 Step edge 6 1.47 (*) 0.73 (*) 10.26 2.52 
0.0665 Step edge 7 0.82 0.48 13.45 2.35 
0.0665 Step edge 8 0.85 0.50 14.89 2.37 
0.0643 Step edge 3 0.46 0.18 1.97 2.65 
0.0643 Step edge 4 0.75 0.52 4.47 2.79 
0.0643 Step edge 5 0.74 0.49 9.37 2.65 
0.0643 Step edge 6 1.55 (*) 0.77 (*) 9.92 2.79 
0.0643 Step edge 7 0.85 0.54 12.51 2.55 
0.0643 Step edge 8 0.67 0.44 14.44 2.69 
0.058 Step edge 3 0.51 0.24 2.22 2.58 
0.058 Step edge 4 0.88 0.60 5.62 2.86 
0.058 Step edge 5 0.82 0.52 9.00 2.55 
0.058 Step edge 6 1.62 (*) 0.78 (*) 9.81 2.79 
0.058 Step edge 7 0.81 0.51 12.06 2.48 
0.058 Step edge 8 0.73 0.48 13.51 2.62 
0.0519 Step edge 3 0.62 0.38 3.53 2.62 
0.0519 Step edge 4 1.08 0.64 6.33 2.58 
0.0519 Step edge 5 0.77 0.49 8.88 2.55 
0.0519 Step edge 6 1.21 (*) 0.74 (*) 8.49 3.14 
0.0519 Step edge 7 0.81 0.49 11.18 2.43 
0.0519 Step edge 8 1.00 (*) 0.65 (*) 11.77 2.83 
0.046 Step edge 3 0.56 0.36 3.24 2.78 
0.046 Step edge 4 0.89 0.59 6.97 2.72 
0.046 Step edge 5 0.72 0.48 9.22 2.65 
0.046 Step edge 6 1.05 (*) 0.63 (*) 9.06 2.61 
0.046 Step edge 7 0.72 0.48 10.14 2.65 
0.046 Step edge 8 1.14 (*) 0.68 (*) 9.63 2.77 

 
Notes : Column (2) : the first step edge is located at the downstream end of the broad-crest; Uw = qw/d; 
(*) deflected nappe. 

 

Tableau I-2 - Double-tip conductivity data (Series 2) 
 

Qw 

m3/s 

Location Y90
dc

 
Cmean (Fab)max*dc

Vc
 

Uw
Vc

 
V90
Vc

 
amean*dc 

(1) (2) (3) (4) (5) (6) (7) (8) 
Series 2        
0.1819 Step edge 6 0.51 0.23 7.70 2.55 2.63 3.6 
0.1819 between step edges 6 & 7 0.50 0.31 9.92 2.89 2.73 8.1 
0.1819 Step edge 7 0.47 0.23 13.60 2.77 2.79 9.1 
0.1819 between step edges 7 et 8 0.60 0.40 15.19 2.77 2.73 16.4 
0.1819 Step edge 8 0.59 0.38 16.37 2.75 2.85 15.7 
0.1142 Step edge 5 0.45 0.26 11.20 2.98 2.84 6.6 
0.1142 Step edge 6 0.65 0.50 18.55 3.05 2.86 16.3 
0.1142 Step edge 7 0.59 0.43 27.38 2.96 3.00 24.7 
0.1142 between step edges 7 et 8 0.64 0.53 21.68 3.32 2.88 26.1 
0.1142 Step edge 8 0.54 0.43 29.94 3.23 2.99 29.2 
0.058 Step edge 3 0.46 0.20 4.06 2.73 2.65 1.5 
0.058 Step edge 4 0.85 0.63 10.43 3.17 2.74 6.7 
0.058 Step edge 5 0.78 0.56 13.74 2.91 2.30 13.9 
0.058 Step edge 6 1.24 (*) 0.76 (*) 16.45 3.40 2.75 12.1 
0.058 Step edge 7 0.79 0.55 19.64 2.86 3.48 17.3 
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0.058 Step edge 8 0.66 0.52 21.13 3.19 3.09 21.7 

 
Notes : Column (2) : the first step edge is located at the downstream end of the broad-crest; Uw = qw/d; 
(*) deflected nappe; amean : depth-averaged specific interface area. 

 

Appendix II - Modelling cavity ejection processes (by H. CHANSON) 

In skimming flows, recirculating vortices develop in the step cavities and they are maintained through 

the transmission of shear stress from the mainstream and by unsteady momentum exchanges between 

the main stream and cavity flows. At irregular time intervals, some cavity volume flows outwards and 

is replaced by fresh fluid (Fig. 3-3). The duration of the cavity ejection (or burst) is relatively short 

compared to the average ejection period. The ejections and inflows occur predominantly in the 

downstream region of the cavity (9). Several researchers suggested that the initiating mechanisms of the 

ejections resides within the fully-developed flow and not in the cavity flow itself, the ejection process 

being caused by interactions between low-speed streaks and vorticity structures next to the pseudo-

bottom formed by the step edges (DJENEDI et al. 1994, ELAVARASAN et al. 1995). 

 

An early cavity ejection model 

ETHEMBABAOGLU (1978) developed a model of hydrodynamic instability in the free-shear layer. 

Vortices form in the shear layer. They are convected downstream, interacting with the downstream edge 

of the cavity and inducing disturbances which are in turn transmitted to the origin of the shear layer. 

The process generate self-induced disturbances. 

The frequency of instability (10) may be estimated analytically. For a triangular cavity, it yields : 

 
Fej * (h*cosα)

V   =  0.5 * 



i + 

1
4  * sinα * cosα (II-1) 

where V is the mainstream velocity, h*cosα is the cavity depth, and i is an integer. For ratios of cavity 

length to cavity depth Lcav/ks less than 2, Equation (II-1) was close to ETHEMBABAOGLU's 

observations using i = 1 and 2. For greater cavity length ratios, i = 2 and 3 gave better agreement. 

                                                   

9Stepped chute data : Present study. Strip roughness data : DJENEDI et al. (1994), ELAVARASAN et 

al. (1995). 

10which is basically the frequency of fluid ejections. 
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Energy considerations 

Considering a skimming flow, it is hypothesised that all the energy losses occur by viscous dissipation 

in the cavity, with some energy exchange between the main flow and the recirculation by irregular fluid 

ejections. Considering the flow region located between two adjacent step edges (Fig. II-1), and during 

an average ejection period ∆T (11), the continuity equation for the cavity implies : 
 Qout * ∆t  =  Qin * ∆t  =  Vej (II-2a) 

where Qin and Qout are the inflow and outflow rates respectively, Vej is the volume of ejected fluid, ∆t 

is the ejection (12) duration. Dividing by the ejection period ∆T, Equation (II-2) may be rewritten : 

 Qout * 
∆t
∆T

  =  Vej * Fej (II-2b) 

where Fej = 1/∆T is the fluid ejection frequency. 

At uniform equilibrium, the rate of energy loss between two adjacent step edges equals ρ*Q*h, where ρ 

is the fluid density, Q is the flow rate and h is the vertical step height. The energy is dissipated in the 

recirculation cavity at a rate ρ*Vej*Fej*∆T/∆t*(V2/(2*g) - Vout
2/(2*g)), where Vout is the outflow 

velocity, and the inflow velocity is assumed to be equal to the flow velocity V. The energy principle 

yields a relationship between the dimensionless fluid ejection frequency and rate of energy loss: 

 
Fej * (h*cosα)

V   =  
2 * W * h2 * cosα * 

∆t
∆T

Vej * 
V2

g*d * 










1 - 
Vout

2

V2

 (II-3a) 

where W is the chute width. For a wide channel with flat horizontal steps, it becomes : 

 
Fej * (h*cosα)

V   =  
f * 

∆t
∆T

2 * λ * 










1 - 
Vout

2

V2

 Flat horizontal steps  (II-3b) 

where f is the dimensionless pseudo-bed shear stress, or Darcy friction factor, and λ is the ratio of the 

                                                   

11The calculations are developed for an incompressible flow. Note that ∆T = 1/Fej where Fej is the fluid 

ejection frequency. 

12A fluid ejection is sometimes called a burst or bursting event. 
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average fluid ejection volume Vej to the total cavity volume. 

 

Discussion 

A lower limit of the average ejection frequency is set for Vout/V << 1 and by assuming that the ejection 

volume equals the cavity volume. For flat horizontal steps, it yields : 

 





Fej * (h*cosα)

V
min

  =  
f
2 * 

∆t
∆T

 Flat horizontal steps  (II-4) 

The duration of fluid ejection ∆t must be less than the average ejection period ∆T. Combining with the 

continuity equation for the cavity, it yields an upper limit of the average ejection frequency : 

 





Fej * (h*cosα)

V
max

  =  

∆t
∆T

λ * 






1 + 

V
Vout

 Flat horizontal steps  (II-5) 

Equations (II-3), (II-4) and (II-5) are shown in Figure II-2. Calculations were performed for f = 0.2, λ 

= 0.5, and ∆T/∆t = 7. (Flow visualisations in stepped chute models (e.g. Present study) suggest a 

typical value of λ = 0.5 while visualisations of d-type cavity flows showed a ratio of average ejection 

period to ejection duration of about 5.5 to 8 (Table II-1).) Assuming that all energy losses take place by 

viscous dissipation in the recirculation cavity, the analytical solution must satisfy : 

 





Fej * (h*cosα)

V
min

  ≤  
Fej * (h*cosα)

V   ≤  





Fej * (h*cosα)

V
max

 (II-6) 

Using Equations (II-3), (II-4) and (II-5), it yields that the ratio of outflow velocity to inflow velocity is 

centered around 0.5 : 

 
1
2 * ( )1 - 1 - f   <  

Vout
V   <  

1
2 * ( )1 + 1 - f  (II-7) 

A further conditions is f ≤ 1. 
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Fig. II-1 - Sketch of a cavity ejection 
 

 

 

Fig. II-2 - Dimensionless average ejection frequency 
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Table II-1 - Experimental observations of cavity ejections 

 
Reference Average 

ejection 
frequency 

Ejection 
duration 

Comments 

 Fej * ks
Vo

 
ks

Vo * ∆t
 

 

(1) (2) (3) (4) 
Fully-developed flows    
HEIDRICK et al. 
(1977) 

1.25E-3 * f * 
Vo*ks

ν  

-- Smooth pipe water flows (∅ = 0.0787 m). 
Fully-developed flows. Vo = 0.4 to 2.6 m/s. 

Boundary layer flows    
TOWNES and 
SABERSKY (1966) 0.062 * 

ks*Vo
ν  *  

-- Water tunnel (W = 0.851 m). Vo = 0.04 to 0.25 
m/s. Square cavities : ks = 0.0032 to 0.0254 m. 

ETHEMBABAOGLU 
(1978) 

0.3 to 0.58 -- Water tunnel (d = 0.1 m, W = 0.24 m). Vo = 
5.5 to 7.5 m/s, δBL = 0.036 m, δ* = 0.0042 m. 
Single rectangular cavities : ks = 0.1 m, 
Lcav/ks = 1.9 to 3.6. 

BANDYOPDHAY 
(1987) ~ 1.2 * 

ks*Vo
ν   

-- Wind tunnel (d = 0.18 m, W = 0.28 m). Vo < 
40 m/s. Rectangular cavities : ks = 0.003 m, 
Lcav/ks = 0.7 to 3.0. 

DJENEDI et al. (1994) 
0.182 * 

ks
δBL

 
ks

δBL
 

Water tunnel (d = 0.26 m, W = 0.26 m). Vo = 
0.4 m/s, δBL = 0.035 m, δM = 0.0025 m. 
Square cavities : ks = 5 mm. 

TANTIRIDGE et al. 
(1994) 

0.017 0.138 Square tunnel (d = 0.025 m, W = 0.025 m). 
Fully-developed inflow. Vo = 0.43 m/s. 
Triangular cavity : ks = 1.5 mm, α = 45º. 

Open channel flows    
SUMER et al. (2001) 0.05 0.3 Open channel flow (d = 0.4 m, V ~ 0.4 m/s) 

over large stones (ks = 0.0385 m). 

 
Notes : d : channel height or flow depth; Fej : average ejection frequency; ks : cavity depth (or 
roughness height); Lcav : cavity length; Vo : free-stream velocity; δBL : boundary layer thickness; δ* : 
displacement thickness; δM : momentum thickness; ∆t : ejection (burst) duration. 

 

Appendix III - Air bubble diffusion in self-aerated flows (by H. CHANSON) 

In supercritical flows, free-surface aeration is often observed. The phenomenon, called 'white waters', 

occurs when turbulence acting next to the free-surface is large enough to overcome both surface tension 

for the entrainment of air bubbles and buoyancy to carry downwards the bubbles. Assuming a 

homogeneous air-water mixture for C < 90%, the advective diffusion of air bubbles may be analytically 

predicted. At uniform equilibrium, the air concentration distribution is a constant with respect to the 

distance x in the flow direction. The continuity equation for air in the air-water flow yields : 
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∂
∂y



Dt * 

∂ C
∂y

  =  cosα * 
∂
∂y

(ur * C) (III-1) 

where Dt is the turbulent diffusivity, ur is the bubble rise velocity, α is the channel slope and y is 

measured perpendicular to the mean flow direction. Tche bubble rise velocity in a fluid of density 

ρw*(1-C) equals : 

 ur
2  =  [(ur)Hyd]

2 * (1 - C) (III-2) 

where (ur)Hyd is the rise velocity in hydrostatic pressure gradient (CHANSON 1995b,1997b). A first 

integration of the continuity equation for air in the equilibrium flow region leads to : 

 
∂ C
∂y'

  =  
1
D' * C * 1 - C (III-3) 

where y' = y/Y90 and D' = Dt/(ur)Hyd*cosα*Y90) is a dimensionless turbulent diffusivity. D' is the ratio 

of the air bubble diffusion coefficient to the rise velocity component normal to the flow direction times 

the characteristic transverse dimension of the shear flow. 

Assuming a homogeneous turbulence across the flow (i.e. D' constant), it yields : 

 C  =  1  -  tanh2




K'  -  

y'
2 * D'  (III-4) 

where tanh is the hyperbolic tangent function and K' a dimensionless integration constant (CHANSON 

1995b,1997b). A relationship between D' and K' is deduced for C = 0.9 for y' = 1 : 

 K'  =  K*  +  
1

2 * D' (III-5) 

where K* = tanh-1( 0.1)  =  0.32745015... The diffusivity and the mean air content Cmean defined in 

terms of Y90 are related by : 

 Cmean  =  2 * D' * 




tanh



K* + 

1
2 * D'  - tanh(K*)  (III-6) 

Advanced void fraction distribution models may be developed assuming a non constant diffusivity. 

Results are shown in Table III-1. Columns (1) and (2) show the analytical solutions of the air 

concentration and air bubble diffusivity distributions respectively. Column (3) lists successful 

applications of the solution, the reference data being listed below. 
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Table III-1 - Analytical solutions of Equation (III-3) 
 

C D' Domain of 
applications 

Remarks 

(1) (2) (3) (4) 

0.9 * 
y

Y90
 

2

0.92 * C2 * 1 - C 
Transition 

flow (a) 
Cmean = 0.60. 

K'" *






1  -  exp







- λ *

y
Y90

 C * 1 - C
λ * (K'" - C)

 
Transition 

flow (a) 
K'"  =  

0.9
1 - exp(-λ)

 

Cmean  =  K'"  -  
0.9
λ  

Note : Cmean > 0.45 

1  -  tanh2








K'  -  
y/Y90
2 * D'  

Constant Self-aerated 
flow, 

skimming 
flow (a) 

CHANSON (1995b,1997b) 

K'  =  K*  +  
1

2 * D' 

K* = tanh-1( 0.1)  =  0.32745015... 
Cmean  =  2 * D' *  





tanh



K* + 

1
2 * D'  - tanh(K*)  

1  -  tanh2








K'  -  
(y/Y90)2

4 * λ  

λ
y/Y90

 
Self-aerated 

flow K'  =  K*  +  
1

4 * λ 

K* = tanh-1( 0.1)  =  0.32745015... 
Cmean  =   

1.7637E-3 + 0.8643*λ1.69

0.09547 + λ1.69  

1 - tanh2








K' - 
(y/Y90)n+1

2 * (n + 1) * λ  

λ

(y/Y90)n
 

Self-aerated 
flow K'  =  K*  +  

1
2 * (n+1) * λ 

K* = tanh-1( 0.1)  =  0.32745015... 
1  -   

tanh2








K' - 
y/Y90
2 * Do

 +






y

Y90
-
1
3

3

3 * Do
 

Do

1 - 2*






y

Y90
-
1
3

2 
Skimming 
flow (a) 

K'  =  K*  +  
1

2 * Do
  -  

8
81 * Do

 

K* = tanh-1( 0.1)  =  0.32745015... 
Cmean =  

0.7622*(1.0434 - exp(-3.614*Do)) 

 
Note : (a) measured at step edges. 
REFERENCE DATA : (1) Smooth-invert prototype: CAIN (1978). (2) Smooth invert laboratory: 
STRAUB and ANDERSON (1956), XI (1988). (3) Skimming flow (laboratory): RUFF and FRIZELL 
(1984), TOZZI et al. (1998), Present study. (4) Transition flow (laboratory): Present study. 

 

Appendix IV - Velocity measurements and cross-correlation techniques for dual-tip 

probe measurements in gas-liquid flows 

In turbulent gas-liquid flows, a velocity measurement technique is based upon the successive detection 
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of bubbles/droplets by two sensors : i.e., double tip optical and resistivity probes (Fig. IV-1). The 

technique assumes that {1} the probe sensors are aligned along a streamline, {2} the bubble/droplet 

characteristics are little affected by the leading tip, and {3} the bubble/impact impact on the trailing tip 

is similar to that on the leading tip. In highly turbulent gas-liquid flows, the successive detection of a 

bubble by each probe sensor is highly improbable, and it is common to use a cross-correlation 

technique (e.g. CROWE et al. 1998, pp. 309-318). The time-averaged air-water velocity is defined as: 

 V  =  
∆x
T  (IV-1) 

where ∆x is the distance between probe sensors and T is the travel time for which the cross-correlation 

function is maximum : i.e., R(T) = Rmax where R is the normalised cross-correlation function and 

Rmax is the maximum cross-correlation value (Fig. IV-1). 

The shape of the cross-correlation function provides a further information on the turbulent velocity 

fluctuations (Fig. IV-2). Flat cross-correlation functions are associated with large velocity fluctuations 

around the mean and large turbulence intensity Tu = u'/V, where u' is the standard deviation of the 

turbulent velocity fluctuations. Thin high cross-correlation curves are characteristics of small turbulent 

velocity fluctuations. The information must be corrected to account for the intrinsic noise of the leading 

probe signal and the turbulence intensity is related to the broadening of the cross-correlation function 

compared to the autocorrelation function (Fig. IV-1). 

The definition of the standard deviation of the velocity leads to : 

 u'2  =  
V2

N  ∑
i=1

N

 
1

t2
 * (t - T)2 (IV-2) 

where V is the mean velocity, N is the number of samples and t is the bubble travel time data. With an 

infinitely large number of data points N, an extension of the mean value theorem for definite integrals 

may be used as the functions 1/t2 and (t-T)2 are positive and continuous over the interval [i = 1, N] 

(SPIEGEL 1974). It implies that there exists at least one characteristic bubble travel time t' satisfying 

t1 ≤ t' ≤ tN such that : 

 



u'

V

2
  =  

1
N * 

1

t'2
 * ∑

i=1

N

 (t - T)2 (IV-3) 

That is, the standard deviation of the velocity is proportional to the standard deviation of the bubble 
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travel time: 

 
u'
V  =  

σt
t'  (IV-4) 

Assuming that the successive detections of bubbles by the probe sensors is a true random process (13), 

the cross-correlation function would be a Gaussian distribution : 

 R(t)  =  Rmax * exp






 - 






t - T

σT

2
 (IV-5) 

where σT is the standard deviation of the cross-correlation function. Defining ∆T as a time scale 

satisfying : R(T+∆T) = Rmax/2, the standard deviation equals : σT = ∆T/1.175 for a true Gaussian 

distribution. The standard deviation of the bubble travel time σt is a function of both the standard 

deviations of the cross-correlation and autocorrelation functions : 

 σt  =  
∆T2  -  ∆t2

1.175  (IV-6) 

where ∆t is the characteristic time for which the normalised autocorrelation function equals 0.5. 

Assuming that t' ~ T and that the bubble/droplet travel distance is a constant ∆x, Equation (IV-4) 

implies that the turbulence intensity u'/V equals : 

 Tu  =  
u'
V  ≈  0.851 * 

∆T2 - ∆t2

T   =  Tu' (IV-7) 

Tu' is a dimensionless velocity scale that is characteristic of the turbulent velocity fluctuations over the 

distance ∆x separating the probe sensors. Although Tu' is not strictly equal to the dimensionless 

turbulent velocity fluctuation Tu = u'/V, the distributions of modified turbulence intensity Tu' provide 

some qualitative information on the turbulent velocity field in gas-liquid flows. 

KIPPHAN (1977) developed a slightly different reasoning for two-phase mixtures such as pneumatic 

conveying. He obtained a result of similar form : 

 
u'

Uw
  =  

σT
2 - σ't

2

T2  (IV-8) 

where Uw is the mean flow velocity, T is the mean particle travel time (e.g. on the conveyor, in the 

pipe) and σ't is the standard deviation of the autocorrelation function. It is believed however that 

                                                   

13For example, affected only by random advective dispersion of the bubbles and random velocity 

fluctuations over the distance separating the probe sensors. 
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KIPPHAN's result (Eq. (IV-8)) is an approximation (14). 

 

Discussion 

Equation (IV-7) has a wider range of application than Equation (IV-8) because it is applicable to 

turbulent shear flows (e.g. boundary layer flow). The modified turbulence intensity Tu' (Eq. (IV-7)) 

may provide both qualitative and quantitative information on the turbulent velocity field in gas-liquid 

flows. 

The first writer's experience suggests that the standard deviation of the bubble travel time is also a 

function of the distance ∆x between sensors. For a given bubbly flow configuration and probe sensors, 

the cross-correlation function broaden and the maximum cross-correlation decreases with increasing 

distance ∆x. KIPPHAN (1977) recommended an optimum distance ∆x between sensor equal to : 

 
(∆x)opt

δx
  ≈  

0.35
Tu  (IV-9) 

where δx is the characteristic sensor size in the flow direction. Equation (IV-9) does not account 

however for the characteristic size of the two-phase flow structure. Table IV-1 summarises successful 

designs of dual-tip resistivity probes. For these designs, the "optimum" probe spacing satisfies : 

 
(∆x)opt

δx
  =  33.5 * Vmax

0.27 (IV-10) 

where Vmax is the maximum bubbly flow velocity in m/s. 

The result is further affected by an offset between the leading and trailing tips of the probe. For 

example, CHANSON (1995c,1997b) introduced successfully such an offset to reduce the effects of 

separation and wake downstream of the leading tip, reported by SENE (1984) and CHANSON (1988). 

                                                   

14The assumptions of t' ~ T and Equation (IV-7) are not strictly correct. 
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Table IV-1 - Characteristic dimensions of successful dual-tip resistivity probe designs 

 
Reference ∆x δx ∆x/δx V Remarques 

 m m  m/s  
(1) (2) (3) (4) (5) (6) 

Resistivity probes      
SERIZAWA et al. (1975) 0.005 2.0E-4 25 0.5 to  Bubbly pipe flows. 
CAIN (1978) 0.1016 2.0E-3 50.8 15.6 to 

18.5 
Prototype spillway flows 
(Aviemore, NZ). 

LEWIS and DAVIDSON 
(1983) 

0.0015 5.0E-4 3 0.17 to 
0.68 

Bubble column flows. 

CHANSON (1988) 0.01 3.0E-4 33.3 7 to 17 Laboratory spillway flows 
BEHNIA and GILLESPIE 
(1991) 

0.00531 5E-4 10.6 up to 6 Bubbly pipe flows. 

REVANKAR and ISHII (1992) 0.004 1.2E-4 33.3 0.1 to 1 Bubbly pipe flows. 
LIU and BANKOFF (1993) 0.005 1.0E-4 50 0.4 to 1.4 Bubbly pipe flows. 
CHANSON (1995c,1997b) 0.008 5.0E-5 160 1 to 9 Laboratory experiments : open 

channel flows, stepped cascade 
flows, plunging jet flows, water 
jets discharging into air. 

Fibre optic probes      
CHABOT et al. (1992) 0.004 to 

0.009 
1E-3 4 to 9 0.5 Bubble column flows. 

 

Fig. IV-1 - Sketch of a cross-correlation function and dual-tip probe 
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Fig. IV-2 - Examples of autocorrelation and cross-correlation functions (Run Q23) 
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