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Abstract: A tidal bore is a series of waves propagating upstream as the tidal flow turns to rising, forming during the
spring tides when the tidal range exceeding 4 to 6 m is confined into a narrow funnelled estuary. The existence is based
upon a fragile hydrodynamic balance between the tidal amplitude, the freshwater river flow conditions and the river
channel bathymetry, and it is shown that this balance may be easily disturbed by changes in boundary conditions and
freshwater inflow. The very large majority of tidal bore have an undular shape, with the leading wave followed by a train
of well-developed undulations or whelps. The undular bore propagates upstream relatively slowly and the free-surface
undulations have a smooth appearance; little wave breaking is observed but close to the banks or above sand banks. The
meteorological equivalent is the undular bore cloud pattern observed in Northern Australia and over the Arabian Sea for
example. Herein the basic hydrodynamics of undular bores is reviewed and presented using both field and laboratory
data, and the analogy with the atmospheric bore is discussed.
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1. Introduction
A hydraulic jump is the rapid transition from a highvelocity open channel flow to a slower fluvial motion. It is
a sharp discontinuity in terms of the water depth as well as
the pressure and velocity fields (Lighthill 1978). A
hydraulic jump in translation results from a sudden change
in flow that increases the depth. Called a positive surge or
bore, it is the quasi-steady flow analogy of the stationary
hydraulic jump (Henderson 1966, Liggett 1994). In an
estuary, a tidal bore is an unsteady flow motion generated
by the rapid water level rise at the river mouth during the
early flood tide. With time, the leading edge of the tidal
wave becomes steeper and steeper until it forms a wall of
water: i.e., the tidal bore that is a hydraulic jump in
translation (Fig. 1a).
The flow properties immediately before and after the
tidal bore must satisfy the continuity and momentum
principles (Rayleigh 1908, Henderson 1966, Liggett 1994).
The integral form of the equations of conservation of mass
and momentum gives a series of relationships between the
flow properties in front of and behind the bore front. For a
horizontal channel and neglecting bed friction, it yields:
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= × ⎜ 1 + 8 × Fr12 − 1⎞⎟
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3/ 2
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[2]

where:
d1 = initial flow depth, m

1

d2 = new flow depth, m
Fr1 =tidal bore Froude number
Fr2 = Froude number defined in terms of new flow
conditions
The Froude number Fr1 of the tidal bore is defined in
the system of co-ordinates in translation with the bore front.
For a rectangular channel, it is:
V +U
[3]
Fr1 = 1
g × d1
where:
V1 = initial flow velocity positive downstream, m/s
U = tidal bore celerity positive upstream, m/s
g = gravity acceleration, m/s2
The Froude number Fr1 is always greater than unity.
For Fr1 < 1, the tidal wave cannot become a tidal bore. For
1 < Fr1 < 1.5 to 1.8, the tidal bore front is followed a train
of well-formed, quasi-periodic undulations: i.e. the undular
bore (Fig. 1a). For Fr1 > 1.5 to 1.8, the bore front had a
marked roller associated with some air entrainment and
turbulent mixing: i.e., the breaking tidal bore (Chanson
2010).
A key feature of hydraulic jumps and tidal bores is the
intense turbulent mixing generated by the bore propagation
(Henderson 1966, Parker 1996, Koch and Chanson 2009).
In a natural system, the formation and occurrence of bores
have some major impact on the sediment processes
(Macdonald et al. 2009), as well as on the ecology
including fish egg dispersion (Rulifson and Tull 1999).
Recently it was argued that the long-lasting impact of the

undulations has a major impact on the turbulence and water
column mixing (Koch and Chanson 2008, Chanson and Tan
2011). A historical anecdote is the tidal bore of the Indus
River that wiped out the fleet of Alexander the Great in BC
325 (Arrian 1976, Quintus Curcius 1984); the Indus River
mouth is seen in Figure 1b (Top right).

(c) Internal undular bore on the Indian Ocean near the
Andaman Islands on 6 March 2007 (Courtesy of NASA
Earth Observatory)
Figure 1. Undular bores

(a) Undular tidal bore of the Dordogne River (France) on
27 September 2008 - The two kayakers were riding the
second wave and the surfer was on the third wave

(b) Undular cloud formation (undular bore) over the
Arabian Sea on 8 May 2007 (Courtesy of NASA Earth
Observatory and Jeff SCHMALTZ, MODIS Rapid
Response System at NASA GSFC)

A related undular flow situation is the undular cloud
formation sometimes called an undular jump or undular
bore (Fig. 1b), observed in Northern Australia for example
where it is called a "Morning Glory" (Clarke 1972, Clarke
et al. 1981). The cloud formation is basically a large cluster
of wave clouds spanning across hundreds of kilometres
(Fig. 1b). The undular cloud formation is usually created by
the interaction between some cool, dry air in a low-pressure
system with a stable layer of warm, moist air. When the
two air masses clash, the colder air pushes the warm air
upwards. Some disturbances develop at the interface and
the flow pattern has a similar appearance to an undular tidal
bore. These undular bores are thought to be catalysts for
thunderstorms. While a thunderstorm may assist with the
occurrence of an undular bore, an undular bore can in turn
intensify a thunderstorm because it further disturbs the
atmosphere. Undular bores are thought also to have some
adverse impact on the air traffic (Lillie 1978). There are
several reports of severe incidents involving commercial
aircrafts hit by turbulence when they encountered what is
believed to be an undular bore, including an Airbus A319
above the Canadian Rocky Mountains on 10 January 2009.
Undular waves can occur at surfaces between different
density layers within the ocean (Davis and Acrivos 1967,
Wood and Simpson 1984, Dyer 1997). The deeper waters
are cold, dense, and salty, while the shallower water layer is
warmer, lighter and fresher. The differences in density and
salinity cause these internal waves (Fig. 1c). The waves
may be caused by strong vertical velocity gradients (e.g.
strong tidal currents), non-linear transfer from surface
waves, and inverted barometric effects including shortperiod variations in wind stress (Pond and Pickard 1991).
In this study, the basic features of undular tidal bores
are reviewed and developed. The analogy and differences
with atmospheric undular bores are discussed.
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Undular free-surface profile

2. Undular Tidal Bores: Free-Surface
Properties
Basic flow patterns
The physical observations (Table 1) highlight several
flow patterns depending upon the tidal bore Froude number
Fr1. For Fr1 < 1.5 to 1.8, the tidal bore is followed a train of
well-formed undulations: i.e., an undular bore. The bore has
a smooth two-dimensional profile for Fr1 < 1.25 (Fig. 1a).
For 1.25 < Fr1, some slight cross-waves or shock waves are
observed, developing next to the sidewalls upstream of the
first wave and intersecting next to the first wave crest. A
similar cross-wave pattern is observed in stationary undular
hydraulic jumps (Chanson and Montes 1995, Ben Meftah et
al. 2007). For 1.3 < Fr1 < 1.5 to 1.8, some light breaking is
observed at the first wave crest, and the free-surface
undulations become flatter. The cross-waves are also
observed.
For larger Froude numbers (Fr1 > 1.5 to 1.8), the
undulations disappear and the bore is characterised by a
marked turbulent roller. Some air entrainment and turbulent
mixing are observed in the roller. Behind the breaking bore
front, the free-surface is basically two-dimensional.
For a wide range of physical investigations (Table 1),
the basic flow patterns are consistent with the early findings
of Bazin (1865) and others. Importantly the flow patterns
are basically independent of the initial steady flow
conditions.
Table 1. Physical investigations of tidal bores
Reference
Favre (1935)

V1
m/s
0

Treske (1994)

--

Koch & Chanson
(2008)
Chanson (2010)

1.0

Chanson (2011)

0.83

Navarre (1995)
Wolanski et al.
(2004)
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where:
M = momentum function, m
E = specific energy per unit mass, m
d = flow depth, m
dc = critical flow depth, m
For a tidal bore, the critical flow depth dc is:
dc = 3

((V1 + U) × d 1 )2

[6]

g

The equation of conservation of momentum [4] is
applicable to any type of hydraulic jumps and bores. The
equation of conservation of energy [5] is on the other hand
an approximation that is valid only for small Froude
numbers close to unity, like undular bores. In an undular
bore, the equations [4] and [5] form a parametric
representation of the relationship between the
dimensionless momentum and specific energy (Benjamin
and Lighthill 1954, Montes 1986). The relationship has two
branches intersecting at the critical flow conditions (d = dc)
for M/dc2 = 1.5 and E/dc = 1.5 (Fig. 3). The two branches
represent the only possible relationship between the
dimensionless momentum function and specific energy in
an undular tidal bore as long as both equations [3] and [4]
are valid. In Figure 3, the right branch corresponds to the
supercritical flow and the upper branch is associated with
the subcritical flow. Figure 4 illustrates a comparison
between theory and physical data. The graph includes the
initial flow conditions, the first wave crest and the undular
flow data for the first three wave lengths. Note a seemingly
greater momentum function and specific energy at the first
wave crest than in the initial flow. This is linked with the
assumption of hydrostatic pressure distributions in
Equations [4] and [5]; in an undular bore, the streamline
curvature implies a non-hydrostatic pressure field in the
undular flow. Basically the pressure gradient is greater than

d1
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0.206
0.08 to B = 1 m
0.16
0.079 B = 0.5 m

B = 0.5 m. Smooth
and rough beds.
0.19 to 0.056 to B = 0.5 m
0.92
0.20
0.1 to 1 0.0505 B = 0.5 m
to 0.196

Chanson & Tan
(2011)
Field data
Ponsy &Carbonell
-(1966)
Lewis (1972)
0 to 0.2

The key feature of an undular bore is the secondary
wave pattern (Fig. 2). Figure 2 shows the dimensionless
time-variations of the water depth at three longitudinal
distances along a laboratory channel during the same
experiment. In an undular bore, the equation of
conservation of momentum may be applied across the jump
front together with the equation of conservation of mass
(Henderson 1966, Liggett 1994, Chanson 1999). When the
rate of energy dissipation is negligible as in an undular tidal
bore, there is a quasi-conservation of energy. Let us follow
the tidal bore in the system of coordinates in translation
with the undular bore front. The equations of conservation
of momentum and energy may be rewritten as:

0.14

--

Oraison intake
channel (France)
0.9 to Dee River (UK) near
1.4 Saltney Ferry
0.65 to 1.12 to Dordogne River
0.7
1.15 (France) at St Pardon
0.15 1.5 to 4 Daly River
(Australia)
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hydrostatic beneath wave troughs and less than hydrostatic
under wave crests.
1.9
x/d1 = 15.7
x/d1 = 26.2
x/d1 = 41.9

1.8

1.635

1.6

1.62

1.5

1.605

1.4

1.59

1.3

1.575

M/dc2

d/d1

1.7

solutions is disappointing. Neither theory can capture the
fine details of the free-surface profile shape nor the
asymmetrical wave shape (Chanson 2011). A comparison
highlights the largest deviations between a wave crest and
the next trough, with lesser differences between a wave
trough and next crest (Fig. 5 & 6).
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Figure 2. Dim ensionless free-surface profiles during th e
propagation of an u ndular bore: d1 = 0. 191 m, Fr1 =
1.11, U = 1.32 m/s (Data: Chanson 2011) - Each curve is
offset vertically by 0.3
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Figure 4. Dimensi onless relati onship be tween
momentum function an d specific energy in an undul ar
tidal bore: d 1 = 0.0802 m, Fr1 = 1.22, U = 0.862 m (Data:
Chanson 2011)
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Figure 3. De finition ske tch of the relationship be tween
dimensionless momentum
and specific energy in
undular bores
The secondary wave motion presents a smooth undular
shape (Fig. 1, 2, 5 & 6). Figures 5 and 6 show some field
observations of undular bores, and the measurements are
compared with the linear wave theory (sinusoidal curve)
(Lemoine 1948) and Boussinesq equation solution (cnoidal
wave function) (Benjamin and Lighthill 1954). Although
the theoretical solutions are fitted between a crest (or
trough) and the next trough (or crest) for each half-wave
length, the agreement between the data and analytical

4

Data
Sinusoidal
Cnoidal

1
0.8
17

17.75 18.5 19.25 20
t (s)

20.75 21.5

Figure 5. Free-surface profile of the Dee River undular
tidal bore on 22 Sep tember 19 72: d 1 = 0.941 m, Fr 1 =
1.5, U = 3.44 m/s (Data: Lewis 1972)

accurate when the pressure distribution deviates from
hydrostatic, the linear wave theory is simpler in engineering
practice. It is noteworthy that the physical data indicate that
the theoretical developments are applicable only for a
narrow range of Froude numbers (1 < Fr1 < 1.3 to 1.35).
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Figure 6. Free-sur face profile of an undular bore in the
Oraison intake cha nnel: lo ngitudinal va riation of the
water elev ation, U =
5 to 6 m/s (D ata: Po nsy a nd
Carbonnell 1966)

The water elevations on either side of the bore front
must satisfy the equation of conservation of momentum
(Eq. [1]). The ratio of the water depths d2/d1 is presented as
a function of the bore Froude number in Figure 7 where
Equation [1] is compared with some physical data. The
comparison indicates some reasonable agreement, even if
Equation [1] is developed neglecting boundary friction and
assuming hydrostatic pressure distribution. Yet the result is
consistent with a large number of observations (Henderson
1966, Montes 1998).
Some characteristics of the free-surface undulations are
presented in Figure 8 and 9, showing respectively the
dimensionless wave length Lw/d1 and wave steepness aw/Lw
as functions of the Froude number for a range of initial
flow depths (Table 1). Lw and aw are respectively the length
and amplitude of the first wave defined between the first
and second wave crests. The wave length data indicate a
decreasing wave length with increasing Froude number
(Fig. 8). Both laboratory and field observations highlight
that the wave steepness aw/Lw increases with increasing
Froude number for Froude numbers slightly greater than
unity until a local maximum (Fig. 9). The maximum in
wave steepness is linked with the apparition of some light
wave breaking and energy dissipation at the first wave crest
for Fr1 ~ 1.3 to 1.4. The physical data shown in Figure 9 are
compared to the analytical solutions of Lemoine (1948) and
Andersen (1978) respectively based upon the linear wave
theory and the Boussinesq equations. The physical data
tend to follow more closely the linear wave theory solution
(Lemoine 1948). While the Boussinesq equation is more
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Figure 8. Di mensionless wave l ength Lw/d1 in und ular
tidal bores

is shown as a function of the dimensionless distance x/d1.
On the graph, the tidal generation takes place at x/d1 = 139
and the bore propagates upstream (right to left in Fig. 11).
The data show typically an increasing potential energy with
increasing distance from the tidal bore generation location
up to x/d1 = 75. Further upstream, the tidal bore profile
become invariant with distance, and the potential energy of
the undulations are thereafter quasi-constant. The
laboratory data highlight a greater potential energy per unit
area in the first wave length than in the subsequent wave
lengths as seen in Figure 11.
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The potential energy of free-surface undulations may
be compared with the total potential energy per surface area
of the tidal bore itself:
1 T1
[10]
(E p ) bore = × ∫ × ρ × g × (d − d1 ) 2 × dt
T 02
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Figure 9. Dimensionless w ave s teepness a
undular tidal bores
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Wave energy
The total energy of the free-surface undulations is the
sum of potential and kinetic energy. The potential energy
may estimated simply from free-surface measurements and
used as a proxy of the total energy.

Some recent laboratory data indicate that the potential
energy of undulations may represent up to 30% of the total
potential energy of the undular tidal bore. Figure 12
illustrates some physical data, and the results suggest a
decrease with increasing wave length number (Fig. 12). The
largest ratio of potential energy of undulations to total
potential energy of undular bore is recorded for Fr1 ~ 1.3
corresponding to the apparition of light breaking at the first
wave crest.

Over a wave length, the potential energy equals the
integral of the weight of water above the mean water level
times the distance to the centroid:
Lw
1
[7]
P.E. = ∫ × ρ × g × η2 × B × dx
2
0
where:
η = water elevation relative to the mean water elevation
over the wave length, m
B = channel width, m
Equation [7] is based upon the assumption of a twodimensional wave motion (Liggett 1994). The water
elevation η is estimated relative to the average water level
over the wave length. Figure 10 illustrates the integration
process. When the water level is recorded as a function of
time at a fixed location, the potential energy over a wave
period T can be obtained by a change of variables:
T
1
[8]
P.E. = ∫ × ρ × g × η 2 × U × B × dt
2
0
The potential energy per unit surface area equals:
Ep =

P.E.
U×T×B

T

= 1 × ∫ 1 × ρ × g × η 2 × dt [9]
T

0

2

Some typical experimental data are presented in Figure
11, where the dimensionless potential energy per unit area
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Figure 11. Di mensionless pote ntial ener gy per surface
area in an un dular bore: d 1 = 0 .0802 m, Fr1 = 1.22, U =
0.862 m/ s (D ata: Chanson 20 11) - B ore prop agation
from right to left

The undular bore is characterised by a smooth wave
crest followed by a series of free-surface undulations. When
the undular bore front passes above the sampling volume of
the velocity probe, a relatively gentle longitudinal
deceleration is observed at all vertical elevations (Fig. 13).
The longitudinal velocity component Vx is minimum
beneath the wave crest and it oscillates with the same
period as the surface undulations and out of phase. Vx is
maximum beneath the wave troughs and minimum below
the wave crests at all vertical elevations. Close to the freesurface, the vertical velocity Vz data present also an
oscillating pattern (not shown in Figure 13). The basic flow
net theory predicts these redistributions in longitudinal and
vertical velocity components since the free-surface is a
streamline (Rouse 1938, Chanson 2009) (Fig. 14). Further
the instantaneous velocity data show some large
fluctuations of all velocity fluctuations, including the
transverse velocities Vy on the channel centreline (Fig. 13).
The findings imply the existence of transient secondary
currents behind the bore front. These intense turbulent
events are observed at several longitudinal locations
highlighting an upstream advection process.
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(a) On a smooth bed: d1 = 0.199 m, Fr1 = 1.08, U = 1.32
m/s, z/d1 = 0.18 (Data: Chanson 2011)

4

Wave length

Figure 12. Rati o of pote ntial energy of free-s urface
undulations to bore potential energy as a function of the
wave length number: x/d1 = 62.5 (Data: Chanson 2011)

3. Turbulent Mixing in Undular Tidal Bores
Both field and laboratory measurements show some
large velocity fluctuations associated with intense turbulent
mixing during the bore propagation (Hornung et al. 1995,
Koch and Chanson 2008) (Table 1). Figure 13 illustrates
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(b) On a rough bed: d1 = 0.141 m, Fr1 = 1.20, U = 0.551
m/s, z/d1 = 0.18 (Data: Chanson 2010)

advected macro-turbulence behind a tidal bore are
documented in the field: e.g., in the Mersey River (UK) and
Rio Mearim (Brazil), in the Daly River (Australia) and the
northern Branch of the Changjiang River estuary.
Considering a tidal bore propagating upstream, it induces
some intense turbulent mixing, and some strong turbulent
kinetic energy production caused by secondary motion
occurs beneath the undulations, as sketched in Figure 16.
The turbulent events interact with the mean flow and some
energetic "clouds" of turbulence are advected within the
main flow behind the bore. The turbulent bursts are not
only linked with the undular bores, but are observed also in
breaking bores (Hornung et al. 1995, Koch and Chanson
2009). The turbulence "patches" are generated below the
bore front and the vorticity production rate proportional to
(Fr1-1)3. The vorticity "clouds" are a basic feature of tidal
bores as shown by some recent numerical results
(Furuyama and Chanson 2008, Lubin et al. 2010). In nonprismatic natural channels, the secondary current motion
and macro-turbulence are further enhanced by the irregular
bathymetry.

Figure 13.
Dimensionless instantane ous turbulent
velocity components in undular tidal bores

1.4

Depth
vx2
vxvz

0.054

1.2

0.042

d/d1

1

Figure 14. Streamline pattern in a n undula r tida l bo re
with an irrotational flow motion
The physical data are associated with some large
fluctuating turbulent stresses below the bore front and
beneath the whelps. The Reynolds stress levels are
significantly larger than before the bore passage, and large
normal and tangential stresses are observed (Fig. 15). The
large Reynolds stresses recorded beneath the secondary
waves suggest the long lasting sediment mixing beneath the
"whelps" (Chanson 2005, Koch and Chanson 2008). A
comparison between undular and breaking tidal bores show
that (a) the magnitude of turbulent stresses is comparable,
but (b) the large fluctuations in Reynolds stresses last for a
significantly longer period beneath the undular bore. The
finding implies that the undular tidal bores may contribute
to significant bed scour in tidal bore affected estuaries.
The energetic turbulent events illustrated in Figures 13
and 15 are some form of "macro-turbulence", or large-scale
turbulence, produced beneath the tidal bore front and
advected upstream behind the tidal bore. The evidences of
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density differences Δρ / ρ from 0.001 to 0.017. The basic
wave characteristics are typically: Lw ~ 3 to 10 km and aw ~
70 to 300 m.

Figure 1 6. S econdary currents gener ated during a
undular tidal bore propagation

4. Undular Bores in the Atmosphere
Some unusually long transitory/wave cloud formation
may occur in the atmosphere when a denser air layer
advances underneath a lighter layer. Figure 1b shows a
large-scale example while Figure 17 illustrates a more local
event. Figure 18 presents a two-dimensional schematic. In
the atmosphere, the propagation speed of internal waves is:
[11]
C = g'×d
where:
d = dense layer thickness, m
g' = reduced gravity, m/s2
[12]
g' = −g × Δρ / ρ
3
ρ = dense layer density, kg/m
Δρ = density difference cross the fluid interface, kg/m3
Considering an undular bore in the atmosphere (Fig.
18), the Froude number is defined as:
U
U
[13]
Fr1 =
=
C1
g '×d1
where:
U = front propagation speed, m/s
In some variably stratified atmospheric conditions with
wind shear, it may be difficult to define uniquely a Froude
number. However a number of field observations showed
some conditions with a sharp density interface associated
with an atmospheric undular bore (Clarke et al. 1981,
Doviak and Ge 1984, Burk and Haack 2000). The
application of the momentum equation yields the classical
result:
d2 1 ⎛
[1]
= × ⎜ 1 + 8 × Fr12 − 1⎞⎟
d1 2 ⎝
⎠
in which the undular bore Froude number is defined in
terms of the specific gravity (Eq. [13]). A key feature of
undular cloud formation is the size of the geophysical
process. The field observations show some dense layer
thickness and front celerity within: d1 ~ 150 to 9,000 m and
U ~ 6 to 15 m/s. The arrival of the undular bore is usually
associated with an initial jump of the ambient pressure
between 50 and 150 Pa, with observations of relative
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Figure 17. Undular
cloud pattern over
(France) (Courtesy of Patrick Vialle)

Libourne

Figure 18. Sketch of an undular cloud formation
A number of researchers discussed the analogy
between undular jumps and undular cloud formations
(Clarke 1972, Christie 1992). There are clearly some
important differences between a shallow water flow and a
mass of dense air near the Earth's surface with threedimensional variations of the air density. Neither the
friction losses nor the thermodynamic processes can be
neglected.
Nevertheless the field observations and numerical data
provide some results that support the analogy (e.g. Clarke
et al. 1981, Doviak and Ge 1984, Rottman and Simpson
1989). Figure 19 illustrates the velocity field during the
passage of the first wave crest of an undular bore. The data
are 2-minutes samples of the longitudinal and vertical wind
velocities recorded with two independent techniques. In
Figure 19, the undular cloud formation propagates from left
to right. The data highlight the general streamline pattern as
well as the velocity recirculation next to the ground beneath
the wave crest. The data may be compared with Figures 13a
and 14 in terms of the analogy with the undular tidal bore.
The field data (Fig. 19) show further the large vertical
velocity components. During another field observation, an
instrumented aircraft flew in an undular bore, reporting
very strong flow turbulence, with vertical accelerations of
plus and minus 1.5 to 2×g (Lilly and Zipser 1972). At the
about same time, a commercial Boeing 707 air cargo carrier

flew in the undular wave formation and "was [...] in real
peril for a minute or so" (Lilly 1978).

believed that the energetic turbulent events are generated by
some transient secondary motion. The proposed
mechanisms are consistent with some physical observations
in the field as well as in laboratory, and some recent
numerical simulations.
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